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Univariate calculus applications

In this document we present some examples of applications of derivatives and integrals of one variablein
selected physical and engineering sciences.

Dynamics: rectilinear motion applications

Let s(t) represent the position along a straight-line path of a particle as afunction of timet. By definition
the velocity of the particleis v(t) = d/dt, and its acceleration is a(t) = dv/dt = d’g/dt?>. Another relationship
that is commonly used results from eliminating dt from the equations for v(t) and a(t), which resultsin dv/a
=ds/v or vidv = ads. The latter result is useful when you are given a= &(s).

Example 1 — Given s(t) = t-sint, plot the displacement, velocity, and acceleration of the particle as a
function of tintheinterval [0, 5].
+ r<t, enter the expression for s(t):

[EQW] [ALPHA][<][S] [<][()] [ALPHAJ[<][T] [P] [~][=] [ALPHA][<][T] [»] [1]
[SIN]J[ALPHA][<][T] [ENTER] [+][DEF]

Thiscreatesvariable[ s ].
+- Next, calculate the velocity v(t):

[EQW] [ALPHA][][V] [][()] [ALPHA][<][T] [P] [][=] [~][0][ALPHA][<][T]
[PIIALPHA][][S] [<][()] [ALPHA][<][T] [ENTER] [~][EVAL] [+][DEF]

Thiscreatesvariable[ v 1.
+ The next step isto calculate the acceleration a(t):

[EQW] [ALPHA][<][A] [][()] [ALPHA][<][T] [P] [][=] [~][0][ALPHA][<][T]
[P IALPHA][<][V] [][()] [ALPHA][<][T] [ENTER] [~][EVAL] [][DEF]

Thiscreatesvariable[ a ].

+ To plot these functions you need to load the list {'s(t)* ‘v(t)* ‘a(t)'} into EQ, change the
independent variable to t, change the range of values of t from 0 to 5, use AUTO to generate the range
of values for the y-axis, and proceed to create the plot. For detailsin creating FUNCTION type plots
see the examplesin Chapter 11. The result is the following plot:
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Example 2 — Given the speed of a particle as function of timet, v(t) = exp(-t/5), obtain an expression for the
position of the particle s(t) if the particle started at s=-5whent = 2. Also, find the acceleration of the
particleatt = 1.

+ Fi rst, we define the velocity function:

[EQW] [ALPHA][<][V] [+][()] [ALPHA][<][T] [P] [~][=] [<][€] [+/-] [ALPHA][<][T] [<][5]
[ENTER] [«][DEF]

Thiscreatesthevariable[ v ]

% From the definition of veloci ty, v(t) = dg/dt, we can write ds = v(t)dt, and integrate

J'_Ssds = I; v(t)dt
by using:
[EQW] [][ [ [SI[+/-1[»] [ALPHAT[][S] [][()] [ALPHAT[<][T][™] [1][™]
[ALPHA][<][SI[™] [][=] [~]0S] [2[»] [ALPHA][<][T][»] [ALPHA][<][V] [+][()]
[ALPHA][<][T][»] [ALPHA][<][T] [A][A][A] [EVAL]

Thisisthe result shown in the equation writer screen (small font):

EDIT]CURS ] BTG | EVAL [FRCTO[TERFA]

+* Press[ENTER] [][ * 1[5] [~][=][5][ENTER][-] [][ALG][EXPAN] to eliminate the 5 from the
left-hand side of the equation (using ISOL does not work here). Theresult is:

‘s(t)=((5*EXP(-2/5)-5)* EXP(t/5)-5)/EXP(t/5)".
4 Tofind the accleration of the particle can be found by using:

[EQW] [ALPHA][<][A] [][()] [ALPHA][<][T] [P] [][=] [~][9][ALPHA][<][T]
[PIIALPHA][<][V] [<][()] [ALPHA][<][T] [ENTER] [~][EVAL] [][DEF]

The result is * a(t)=-1/(5* EXP(/5)) .
% Tofind the value of the acceleration at t = 1, use:
[P][ " IIALPHA]J[<][T] [~][=] [1] [ENTER] [~][ALG][SUBST]
The result is: *a(1) = -1/(5*EXP(1/5)) .
% To get anumerical value out of this expression, we need to separate the expression as follows:
[<][PRG][TYPE|[OBI>][<=][<] [~][>NUM]

The result is—-0.163746150616.

Download at InfoClearinghouse.com 3 ©2000 Gilberto E. Urroz



Example 3 - A particle is moving with an acceleration a = -1.5 v, with v = 4, whent = 0. Determine and
expression for the velocity, v(t), and evaluate the velocity at t = 2.

4 From the definition of accel eration, a = dv/dt, and using the initial conditions indicated above, we
can write the following integral equation:

Y dV t
J' — = —1.SI dt
4 \/V 0
+ Enter the integral in asimilar fashion as done in Example 2. The equation should look like thisin
the equation writer:

u
Lgu =r'—1 Sdt 4
4JG' a

[EBIT | CURS | BTG u] EVAL [FACTH[TERF |

4 Make sure your CAS mode is set to Exact (-105 CF). Press [ENTER][ r][EVAL] to
calculate the integrals in the equation. When asked for Appr ox mode on, choose YES, and press
[OK]. Theresultis‘-4.4+2.* Vv=-(1.5*t)’

* Then, use[r][  HALPHA][«][V] [«][S.SLV][ISOL] to obtain: ‘v=.5625*t"2+ —3*t+4.’
+ Toevauatethis expressionatt = 2, use:
[P1[* 1 [ALPHA][<][T] [~][=] [2][ENTER] [~][ALG][SUBST] [~][EVAL]

Theresultis‘v=0.25".

Dynamics: motion in polar coordinates

Example 1 — Finding velocity and acceleration in the radial direction givenr = f(6(t)).
When describing the trajectory of a particle in polar coordinates, r = f(0), we are usually required to find
the derivatives,

v, =r' =dr/dt, and & = " = dv,/dt = d’r/dt>.

If B(t) is given, then, we can just replace it into f(0), to get r = g(t) = f(B(t)). For example, if r = 2.5 sing,
and, © = 3.5t* - 2t, we can simply writer = 2.5 sin(3.5t* - 2t).

To obtain the derivatives using the HP48G or GX calculator, we enter the expression for r(t) in the display
and use the [~][d] keystroke sequence. For example, enter the expression,

"2.5*SIN(3.5*t"2 - 2*t)’
in stack level 1 of the calculator, and store it into the variable r by using

[1[ "I[ALPHA][<][R][STOP].
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Then, calculate the derivative by using:
[VARI[ r J[r]['] [ALPHA][<][T][ENTER] [~][d]
Simplify the expression by using the function COLCT (COLIeCT), available through the command
catalog: [CAT][ALPHA][C] (find COLCT)[OK], to get an expression for r'(t) as
"(17.5*t-5.)*C0OS(3.5*t"2 - 2*t)'
Save this expression into variable rt, by using:
[][ ' ITALPHA][<][R] [ALPHA][][T] [STOP].
To aobtain the second derivative of r with respect to t, use:

[VAR][ rt ]J[r]["'] [ALPHA][<][T][ENTER] [][0][CAT][OK]
(Note: the function COLCT should be readily available)

Theresultis:

“((122.5*t"2. +70. *t +10. ) *SI N(3. 5*t"2.-2. *t)-17. 5*COS( 3. 5*t "2- 2. *t) )"
> (" = -((122.5t-70t+10)sin(3.5t-2t)-17.5 cos(3.5t-21)).
Example 2 -- Finding velocity and acceleration in the radial direction givenr = f(0).

If you want to find the derivativesr' and r* for r = f(8), where 0 is not given explicitly as a function of time,
you can still use the HP 49 G calculator to obtain expressions in terms of 8' =d@/dt, and 6" = d’6/dt>. We
will need to write the expression for r as f(B(t)) and take derivatives with respect to t.

For example, givenr = 2.5 sin6, evaluate r' and r* when 6 = 0.5 rad, 8' = -3.5 rad/s, and 8" = 2 rad/s’.
We will write in the calculator the following expression:

'2.5*SIN(O(t))'
and saveitintor:
[VAR][<][ r ].
Then, calculate the derivative dr/dt by using:
[VARI[ r J[r]['][ALPHA][<][T][ENTER] [~][d]

We get the result:
'2.5*(COS(B(t)))* d16(t))',

where d16(t) represents 8' = d6/dt. In other words, our result is
r'=25[tosH (.
Save the expression in stack level 1 into variable rt, by using:

[VAR][<][ rt ].
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To obtain the second derivative of r with respect to t, use:
[VAR][ rt ][r]['] [ALPHA][<][T][ENTER] [~][0][CAT][OK]
(Note: the function COLCT should be readily available)
Theresulting expression is 2.5*COS(6(t))*d1d16(t)-2.5*d16(t)" 2. *sin(B(t))".

With the understanding that d1d16 represents the second derivative of 8 with respect to t, i.e., 6", we can
write:

r" =-2.5[]07?&n 6 + 2.5[Gos B [B".

At this point we can replace the values given earlier for 8’and 6”. Keeping the last expression in stack
level 1 create the following list:

{ *0(t)=.5 *d18(t)=-3.5 *d1d16(t)=2"} [ENTER]

and use the keystroke sequence:
[][DEF]

o define the three “functions” (actually constant values) to be able to evaluate the
expressions for the derivatives. Now, enter

[P][EVAL]
to get the value -10.2944943103.

To evaluate the first derivative r’(t) and the position r(t) use:

| [VAR] [ 1t ]I~][EVAL] Result: -7.67884741655

| [ r ][~][EVAL] Result: 1.19856384651

When done, you may want to purge all the variables defined here by creating the list:
{*6 ‘die ‘d1d1e ‘rt’ ‘r’'} [ENTER

and using
[TOOL][PURGE].

The function COLCT

The function COLCT belongsin the old HP 48 G/G+/GX SYMBOLIC menu, but it is still available in the
HP 49 G calculator through the command catal og as shown in the examples above.
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Probability: Calculations with continuous random variables

For probability distributions of continuous random variables, probabilities are calculated using the
cumulative distribution function (CDF), F(x) = P(X <x). The definition of the CDF for continuous
variables utilizes definite integrals. We can use the HP48G series calculator to evaluate such integrals
either symbolically or numerically. Following we present some examples within a new subdirectory
HOME\STATSINTS:

1) Suppose that the pdf of a continuous random variableis given by f(x) = K/(1+x?), for - oo < x <. We
are asked to find the value of K. By definition,

f:f(x)dle

for this particular case, we can write

+00 dX
_°°1+ X2

K =1.

It should be straightforward to type this equation in the equation writer to produce:

L]
i L=t
1+x

-

[EBIT | CUF: | BTG u] EVAL [FRCTU[TERF )

Press [ENTER][~][EVAL], to get the result; ‘K*1=1". Of course, you can easily figure out that K =
1/t and find this value by using: [<][T][UX][~ ][ NUM], i.e., K = 0.318309886184.

2) Consider the expression for the Standardized Normal distribution,

f(x) = #exp(—%y

Ve

Prove that, for this distribution, _, /™ f(X)dx=1. First, typein the expression

) Lexp(—x—z)dx
I‘“ NN 2

in the equation writer, to produce:
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L]
1 [ XE]
—=—=EXP|-E-|d
BT z )™

-

ECTT | ks | EIG u] EVAL FACTO[TERFA]

A direct evaluation, by using [ENTER][~][EVAL] produces no numerical result. One possibility isto
use the substitution x = tany. Thus, having the integral listed in stack level 1, enter:

‘x=TAN(y)’ [ENTER][~][ALG][SUBST].

Next, press ['¥] to activate the equation writer, and enter [ W][P][P][»][<]. Your equation writer
screen should now ook like the figure below:

ATANE )
Faangsy’s 7

2
E-H-EHP[@]
ATANE -

dyd

EDIT [ CURs ] BTG [ EVAL [FACTO[TERFA]

Let's evaluate the limits of integration by using: [P][V][EVAL] [P][EVAL]. The limits of
integration now become —1v2 and 11/2. Press [ENTER] to exit the equation writer, change CAS mode
to Approx, by using [1][0][5][+/-][ALPHA][ALPHA][S][FI[ENTER], and use [~][2>NUM] to
obtain a numerica value. Be aware that it takes the calculator up to five minutes to obtain the
numerical result: 0.999999999996, which is as close to 1.0 as we can get.

Note: The integral calculated above is an improper integral (i.e., one or both limits are ). You can use
the transformation x= tan(y) to convert the improper integral into a proper integral . The transformation is
expressed by the following formula:

b arctan(b) 2
[, fO9ax=[  f(tany)+ten” y)dy

(a,

If a= -0, then arctan(a) = -772. Also, if b = oo, then arctan(b) = 2. Also, arctan (0) = 0.

Note: Some integrals, for example,

J_m%:‘[n/z(1+tan2 y) dy
1 x nl4 tany

do not converge to avalue. And, in most cases, there is no way to tell from just looking at the integral that
such is the case. (The case above is simple, since we know that ; /* dx/x=In(x), therefore,
J TdxIx=In(c0)= 0, )

3) Ontoasimpler example: If f(X) = cosx, for 0 < x < 72, and f(x) = 0, elsewhere, find P(0<X< 17/4).
We need to calculate the following integral:

ml4

7-[ -_—
P(O< X < Z) = !cos(x)dx
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Use the following:

(P10 1 [PI0STI0] (P10, T [[ma[=1[4] [0, ] [COS] [X] [P] [~][ . ] [X] [ENTER] [~][EVAL].
Theresultis‘vV2/2'. If you use [~][>NUM], thisresult is shown as 0.707106781185.

4) Tocaculatethe mean[ u= fx{(x)dx] of the pdf in case 3, enter the following integral:

L
2
p= 5 LS gk

E0TT | ks | BTG u] EVAL [FACTA[TERF#]

Press[ A][ A][EVAL] to get the result p = (T:2)/2.
Store this value in avariable called p by using:

[ENTER][<][PRG][TY PE][OBJ>][<][<] [»] [STOP]

5) To calculate the variance [0 = [ (x-1)? f(x)dx] of the pdf defined in 2, whose mean was calculated in 4,
type in the following integral:

ral=

, (semp I OS5 i

The display now shows: 0.141592....(i.e., o° = 0.141592...).
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Statics: properties of areas

Consider theregion R in the x-y plane limited by the x-axis (y = 0), the curve y = f(x), and the vertical
lines x = aand x = b as sketched in the figure below.

y fiz)
rea L y=f)
=1
E
| H x
X=3a d}{ W= b

The small rectangle of width dx and height f(X) is a representative differential of area dA = f(x) dx for the
region of interest. The area of the region will be calculated by adding the infinitesimal area elements
between the values of x = aand x = b, i.e., by calculating the integral

AszdA=I:f(x)dx

The product x[dA = dM, istheinfinitessimal first moment of the differential of area dA with respect to the
y-axis. Here, x represents the location of the centroid (center of mass, center of gravity) of the infinitesimal
rectangle dA. Integrating dM, over the values of x =aand x = b, we obtain the first moment of the area
with respect to the y-axis, i.e.,

M, = [ M, =[x ()

Using the element of area shown above, it is possible to define a differential first moment of dA with
respect to the x-axis as dM, = (y/2)[dA, since y/2 represents the location of the centroid of dA with respect
to the x-axis. Thus, the first moment of the region R with respect to the x-axisis given by

_ _1 2
M, = [ .M, —qu[f(x)] dx

The first moments of the area, My and Mx, are used to calculate the coordinates of the centroid, ~
“x=My/A, and "y = MX/A.

The quantity dI, = XA isreferred to as the moment of inertia of the infinitesimal area dA with respect to
the y-axis. The moment of inertia of the region R with respect to the y-axisis given by

I, = [, =[ X 0F (9
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The moment of inertia of the differential of area dA with respect to the x-axis, dl, is not as simple to write
as that with respect to the y-axis, dl,. The expression for dix follows from the expression for the moment
of inertia of arectangle. Consider the rectangle shown in the figure below.

H Ty

I
|

-— X

—11 —

If we use the horizontal strip of the rectangle as adifferential of area, dAy = B dy, we can write (dl,)r =
y?dA" = By?dy, where the sub-index R stands for “rectangle.” The moment of inertia of the rectangle with
respect to the x axis can be calculated as the integral [z By?dy, betweeny = 0 and y = H. Using the HP 49 G
calculator, the integral should look like this:

By du
a

[EOIT | CURS | BTG u] EVAL JFRCTH[TERF )

Press[ENTER][~][EVAL] to get the result (I,) = BE®3. Thus, the moment of inertia of dA, the vertical
infinitesimal rectangle of width dx and height f(x), is given by di, = (1/3)(dx)[f(x)]® = (1/3)[f(x)]%dx, and
the moment of inertia of the region R with respect to the x-axisis calculated as

_ _1p» 3
I, —J'RdlX —§L[f(x)] dx.

The moment of inertia of the region R with respect to the origin (or, more properly, with respect to the z-
axis, perpendicular to the x-y plane) is defined as

=1+, =ﬁx2f(x)mx+%ﬁ[f(x)]3dx.
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Associated with the concept of moment of inertiaisthe idea of aradius of gyration. The radius of gyration
about the y-axis is given by k, = (1,/A)"?, the radius of gyration about the x-axisisk, = (I/A)"? and that
about the origin (or z-axis) isk, = (IJ/A)"2.

Example: The figure below shows the region R defined by 0 <y < In(x+1), 2<x<4. Useyour HP 49 G
calculator to obtain the area of the region , the coordinates of the centroid, the moments of inertia and radii
of gyration about the x- and y-axis, and about the origin.

27
1.5
17

0.5

The solution requiresyou tousea= 2, b = 4, and f(x) = In(x+1). Thus, the areawould be calculated by

4
LHG+10dx
2

[EUIT ] CURS | BTG u] EVAL JFACTO[TERF )

which produces the value * -(3*LN(3)-(5*LN(5)-2))’, or A = 2.75135269614. Storethisvalueina
variable called A.
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The following screens shown the integrals corresponding to the first moments My, Mx, and the moments of

inertialy, and Ix:

4
[Ex-LN(x+1 Sddx

EDIT | GRS | EXG ] EVAL [FRCTO[TERFH]

4.
2.
J Lo NG 1.0 duce
2.

EDTT | CUks | BTG | EVAL [FACTOJTERFA]

4
J‘ExE-LNEx+ 10d:

EDIT | CURS | ETG ] EVAL [FACTO|TERF#]

4
%[ (LHOx+ 13 dix
2

EDIT | CURS | BTG u] EVAL [FACTO|TERF ]

Once evaluated, the following results are obtained: My = 8.42286591025, Mx = 1.91394984757, ly =
26.6864290145, and Ix = 1.7943172852. From these values we get, x = My/A = 3.06135448282, y =
Mx/A = 0.695639584934, k, = (Iy/A)l’2 = 3.11438356332, and k, = (I,/A)Y? = 0.807563138712. Also, lo
= Ix + ly = 28.4807462997, and k, = (I/A)"? = 3.21738142011.

Dynamics: properties of solids of revolution — disk method

Consider the solid of revolution resulting from the rotation of theregion R = {0 <y < f(x), a<x<b} about
the x-axis, asillustrated in the figure below.

dW

v
y =tz
flz)
|
a b b
s

Asthe region rotates about the x-axis, the element of area— the shaded rectangle of width dx and height
f(x) — generates a cylinder, or disk, of radius f(x) and height dx. The volume of this elementary cylinder

(differential of volume) is

dV = mtf(x)]*dx.
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The volume of the entire solid of revolution, contained in a<x<b, is, therefore,
b
\% :ldv :I mPf (x)]? Cex.
a

The external area of this elementary cylinder (differential of external area) is
dAs = 2 f(x) dx.

The total external area of the solid of revolution is, therefore,

b
A :,!:d& :I 20t OF (x) Celx.
a
Let p represent the density (mass/volume) of the material composing the solid of revolution. By definition,
p =dm/dV, where m represents mass. Therefore, the mass of the element of volume (differential of mass)
is
dm = pdV = il f(x)]*dx.
This expression for dm appliesif p isaconstant. We can let the density vary with x, r(x), in which case the
differential of massis given by
dm = p@V = ntlp(x)Jf(x)]dx.
For constant p, the mass of the solid of revolution is simply

m = pV,
with V as calculated earlier.

For p = p (x), the mass of the solid of revolution isto be calculated with the integral

m:J:’nE;o(x)qgf(x)]2 [eix.

The x-axis is an axis of symmetry for the solid of revolution, therefore, the y-coordinate of its center of
massis y =0. Assuming, in general, that p = p (x), the first moment of the differential of mass with
respect to the y-axisis given by

dM, = xIdm = xIP@V = tRIP(x) [F(x)] *[dx.

The first moment of the solid of revolution with respect to the y-axisis, therefore,
b
M, :J'anD(Eb(x) Qf (x)]? Colx.
The x-coordinate of the solid body’s center of massis given by
“x=M,/m.

The moment of inertia of the differential of mass with respect to the y-axisis given by

dly, = x?dm = X’V = nxP(x) [[f(x)]*dx.
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This expression results from the conditions of symmetry of the differential of mass about the y-axis that
allows us to consider the inertial effect of the mass differential as that of a particle of mass dm located at a
distance x from the y-axis. The moment of inertia with respect to the y-axis is calculated using the
following integral

I, = [ dl, =[x @m=[ X [ @V :I:ncxz [p(x) [ (X)]? TEix.

To calculate the moment of inertia of the cylindrical differential of mass from the solid of revolution we
need to use the expression for the moment of inertia of a cylinder of radius R and height H about its axis.
Thisresult, which is proved later in the book by using double integralsin polar coordinates, is given by

1

(1,)r ZEDTH)EH R*.

Using this result with the elementary disk in the solid of revolution provides an expression for the
differential of moment of inertia with respect to the x-axis:

di, = % Grp(x) [ F (X)]* Ceix.

Thus, the moment of inertia of the solid of revolution with respect to the x-axis will be given by the integral

=[5 T Tp( F (9] e

Radii of gyration of the solid of revolution with respect to the y- and x-axes, respectively, are given by
ky = (I,/m)"2, and k, = (I,/m)".

Example - Consider the region R = { 0 <y < In(x+1), 2<x<4} shown in the figure below. The region
rotates about the x-axis generating the solid of revolution sketched in the figure below. Assuming that the
density of the solid is given by p(x) = exp(-x/4), calculate the solid’s volume, exterior area, mass, x-
coordinate of its center of mass, moments of inertia and radii of gyration with respect to the y- and x-axes.

The approach | suggest for calculating the required properties for the solid of revolution is to define the
functions f(x) = In(x+1) and p(x) = exp(-x/4) in the HP 49 G calculator. You can also store the values of
a=2 and b=4 in the calculator, and then simply type in the formulas shown earlier to obtain the different
properties. Hereis how to define the functions:

[EQW] [ALPHA][<][F] [+][()] [ALPHA][<][X] [P] [~]1[=] [~][LN] [ALPHA][<][X] [+][1]
[ENTER] [«][DEF]

This operation createsthe variable[ f ].

To create the density function use:

[EQW] [~][CHARS] (find the character p) [ECHOL] [<][()] [ALPHA][<]I[X] [®] [~1[=] [<l[€]
[ALPHA][<][X] [+-] [<][4] [ENTER] [<][DEF]
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This operation createsthe variable[ p .

27y

1.5_2 =) =]I\11(K+1:I

0.5

The next step isto store the values of aand b:
[2] [~][* TALPHA][<][A][STOP] [4] [~]0* IIALPHA][<][B][STOP]

To calculate the mass, for example, type the integral

b
J TP f Ex)]z dx4

a

ECTT | CUF: | EIG al EVAL [FACTOTERF il

Then, press [ENTER][~][>NUM] to obtain a numerical value for theintegral. The massism =
5.56740083556.

The following screens show the integrals you need to type to produce the first moment My, and moments of
inertialy and I, respectively:

b b b

4
[ TP () e [ T P ) e [ LmpGad i dee
=1 =1 a

EDIT] CUR: | BTG m] EVAL JFACTOITERF AN EOTT | CURS | ETo al EVAL [FACTO(TERFAINE EOIT | CURE [ BTG ul EVAL [FAETOITERF )

The corresponding values are M, = 16.9252199715, |, = 53.2640598494, and I, = . Also, x = M,/m =
3.04005773455, ky = (I,/m)"*= 3.09307811219, and k. = (I,/m)"* = 0.985351404481.
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The volume and exterior area of the solid of revolution are calculated using the following integrals:

b 5 b
[ ()] d= JEE'H'FKKJ i

a

EDIT] CUFR | BT m] EWAL JFACTHITERF A EDIT] CURS LETG al EVAL [FACTOITESFA]

Theresultsare V = 12.0257015609, and A, = 17.2872588354.

Hydrostatics: force over a flat surface submerged in a liquid

Consider the flat surface R located along the plane OP inclined by an angle 8 with respect to the horizontal
free surface OS of aliquid at rest.

The pressurein aliquid at rest is given by

P=po+YH,
where pg is the pressure at the free surface y is the specific weight of the liquid (weight/volume), and h is

the depth measured from the free surface. If the free surface OS is open to the atmosphere, and we use
gage pressures, po = 0, and

p=yh
Since pressure depends on depth only, adifferential of force dF acting on the differential of area

dA = b(y)dy
of the surface R will be given by

dF = pdA = yh[dA = yRb(y) [dy = yMSin 6 bB(y)dy,
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where the relationship
h=yEnao

has been used. The force on the surface will be calculated through the integral
F :ldF :1[pmA:1[thmA: yE'BianﬁyBiA: y 86 q’”ym(y) ey,
a a
To find the point of application of the force we can take the moment of the differential of
force dF with respect to the x and y axes as
dM, = yidF = y[pldA = yRIY@A = yRYb(y)dy = y§sin 6 (b(y)dy,

and

dMy = [xo(y)+b(y)/2] [dF = [x4(y)+b(y)/2] (A = [X,(y)+b(y)/2] GyBAA = [X,(y)+b(y)/2]CyySin 6dA

dMy = [Xo(y)+b(y)/2] yLylsin 6b(y)(dy

where X,(y) isthe distance from the y-axis to the left edge of the differential of area, and b(y) isthe width

of the differential of area. The moments with respect to the x- and y-axes are given, respectively, by the
following integrals

M, ='!ymF :£y[pmA:ly@mmA:yBin6ELin2 mA=y1:ﬁn9[Lfy2 Tb(y) [tly.
and

M, =y 5in0 [ [x,(y) + 5 (B (Y A=y (8in6 [ [,(¥) + ()] (Y B(y) B,

The point of application of the total force F is known as the center of pressure of the surface (point CP in
figure above). Its coordinates are given as the arm of the force with respect to each axes that produce the
same moments Mx and My. So, if the coordinates of CP are (Xcp, Ycp) We can write:

Xcp = My/F, and Yep = MX/F
Example 1 — Hydrostatic force on atriangular shape

Consider the triangular-shaped region located along the plane OP inclined by an angle 6 from the free
surface OS of aliquid at rest. The dimensions of the triangular surface and its location with respect to the
x- and y-axes are indicated in the sketch. Find expressions for the force F, and the moments M, and M
produced by the hydrostatic pressure distribution on the triangular surface. Also find the coordinates of the
center of pressure Xcp and ycp.

% To find an expression for x,(y) we use the coordinates of points A and B. The slope of
the line AB can be found from

Mag = (Y&-Ya)/(Xg-Xa) = (a+H-a)/(d-d-b;) = -H/b;.
The equation of a straight line going through point A with Sope mag isy —ya = Mag(X-Xa), OF

Y = Yat Mag(X-Xa) = a—(H/by)(x-d-by).
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Using the calculator you can isolate x as follows:
‘y=a-(H/b1)*(x-d-b1)’[ENTER] ‘X’ [ENTER] [+][S.SLV][ISOL]
Theresult is: ‘X = ((d+bl)*H+(bl*a-y*bl))/H’
To define this result as the function ‘xo(y) = ((d+b1)*H+(b1*a-y*bl))/H’, use the equation writer as

follows:
[VI[YI[<IALPHA][<][O] [1][()] [ALPHA][<][Y] [ENTER] [<][DEF]

This operation creates the variable[ xo 1.

wertices at
Aldt+hy, @)

B d, at+H)

i Crd+b, +1:|2 ,atH)

* Similarly, the slope of line AC can be found from
Mac = (Yc-Ya)/(Xc-Xa) = (aH-a)/(d+by+b,-d-b,) = Hiby,
and the equation of theline AC is
Y = Yat Mac(x-xa) = at+(H/by)(x-d-by).
Let'sisolate x = x(y) by using the HP 49 G calculator:
‘y=a+(H/b2)*(x-d-b1)’ [ENTER] ‘X’ [ENTER] [+][S.SLV][ISOL]
Theresult is: ‘x = -(((a-y)*b2-(d+b1)*H/H .
This result represents an outer value of x that we can define as xf(y). To define this function use:

[VI[V][=IALPHA][A][F] [<][0)] [ALPHA][<][Y] [ENTER] [<][DEF]
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This operation createsthe variable[ xf ].

4 The width of the element of area b(y) is by definition b(y) = xf(y) — xo(y), thus, we can define b(y)
with the HP 49 G calculator by using:

‘xf(y) —xo(y)' [ENTER][EVAL] [~][* ] [ALPHA][<][B] [<][()] [ALPHA][«<][Y] [ENTER] [P][~][=]
Thisresultsin ‘“b(y) = -(((a-y)*bl+(a-y)*b2)/H) .
Use [ ][ DEF] to define the function b(y).

Having defined xo(y) and b(y) we can proceed to caculate the force F, moments M, and M,, and
coordinates of the center of pressure Xcp, Ycp, s follows:

Note: The Greek letter y is available in the HP 49 G calculator’s character set by using [~][CHAR],
selecting y, and pressing [ECHOL1].

ﬁ— Force:

a+H
w-SIH(E)-J by dy
a

EDIT] CURS | EIG u] EVAL FACTOJTERFA]

Press[ENTER] [~][EVAL]. After about 20 seconds you get the following result:
C((2*y Hr2+3*yra* H) *bl+(2* vy H 2+3* y*a*H) *b2) *SIN( 6) / 6
Use[~][ALG][FACTO] toget * SIN(6) *H y*((2*H+3*a) *bl+(2*H+3*a) *b2)/ (3*2) .

In the latter expression you can recognize another common factor (2*H+3*a) that has not yet been
factored out. Y ou can factor it out by using the equation writer as follows:

[VIIVILVILVYILY] [P][>][>] [A][A][A][A][A] [FACTO] [ENTER]

Theresult is now “SIN(O) *H vy ((bl+b2) *(2*H+3*a))/(3*2)', i.e..

F =%EyEH N0 b, +b,) [2TH +303).

Save thisresult into variable F by using [][ * ][ALPHA][F][STOW]
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4 Moment about the x axis:

a+H

R E=11 HEE)-[

a

2
by du

EDIT] CUFS | BTG u] EVAL JFACTU[TERF il

Press[ENTER] [~][EVAL]. After about 40 seconds you get the following result:

uv'2 HEX R= 'H'

RAD
1HOHEY

12 ' ({3%yxH 3+8%yEa€H™
2+eEyEg 2xH1xb1+ (3%
A%HME+E 8y 35H 2 HEEY
TETE*H}*I:-E}*SIH{E b

| _F_[FRIHI|CASTN[KEALA] WK | xf |

To factorize this expression use [][ALG][FACTO] . Press[V¥] to activate the equation writer. If the
option [BIGH] is selected, press the corresponding button to de-select it. This will let you see the
current expression in a smaler font. There is a common factor that has not been factored out. To

move about the equation writer screen, use the following: [W][ V][ V][ V].

This will change the

cursor to a rectangular shape that you can move from term to term.  Press [P] twelve times to place

the rectangular cursor over theterm bl. The screen should look like this:

[ERTCIIRTERC) PN ERC R

3

EZ

EDIT] CURS] BTG | EVAL [PACTOJTERF )

This screen lets you see the common factor that is still distributed in the expression. This common
factor is (3H*+8@M+6/E°). To factor it out, use: [A][A][A][FACTO]. Press [ENTER]. The

resulting expression can be trandated in paper as

M. =%EVEH SN0 b, +b,) [3CH 2 +8ATH +6A°).

Save thisresult in variable Mx using: [~][ * ]JALPHA][M] [ALPHA][<][X] [STOP].
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% Moment about the y axis:

Press [ENTER] [~][EVAL].
multiplying out and integrating a more complicated expression.

a+H
n:a)-J [otusedoncas by au

]

EBIT] CURE] ETa | EWAL [FACTH[TERF |

expression is presented in the following screen:

KAD W12 HEX = '

ZHONEZ

1 '{0SxysH24+8%4%5%H)
#bl1™ 2+ (QEyEH 2+ 2%
~wEa¥H b2+ (8% dEH "
2+1z2evxedraxHr rxb1+(
L 2EEH 2+ ¥a¥H)

[EXFANIFRCTOJLACAL] LTR 5L WE[sUES

This calculation will take more than a minute since it involves

The beginning of the resulting

To factorize this expression use [~ ][ALG][FACTO]. Theresult is now:

RAD HYZ HEW K= 'H°'
1HOHEY

12 "STHCE dEHEpE COEHHE
#ariblt2+CcgEH+ 1 2%a
JEpZeSEdEH+E L 2EdE a0 %
bl+c3sH+d%a05b2m 240
SxdeH+128d¥ali b2 0

[ERFARIPACTOILACOL] LIN JsoLVE]SUEST

In this last result we can see some common factors till not factored out, e.g., (8*H+12*a) and

?+({sm+1aubmz+&dm+1admj¢1+{5
E

23

EDIT | EURE ]| BTG | EVAL JFACTOITERFA

(8*d*H+12*d*a). Press[V] to activate the equation writer. (If the option [BIGH] is selected, press the
corresponding button to de-select it. This will let you see the current expression in a smaller font. To
move about the equation writer screen, use the following: [W][ V][ ¥][¥]. Thiswill change the cursor to
a rectangular shape that you can move from term to term.
rectangular cursor over the term 8. The screen should look like this:

Press [P>] fourteen times to place the

Now, press [A][A][A] to select the expression (8H+12[@)[H2+8[dH+12[d@. Press [FACTQ] to
factor this expression to (b2+d)(8H+12[@). Now, press [ V][P] to highlight the term (8H+12(3).
Press [FACTQ] to convert this expression to (2[H+3[@)[4. Next, press [P][P] to highlight the last term
in the numerator: (8[dH+12[d[@)[H2. Press [FACTQ] to obtain for this last term b2[d[(8H+12@). We
can factor this term even further by using [ W][»][P][FACTO] to highlight the term (8[H+12[@) and
factor it out to (2[H+3@)[4. Press[V] until you obtain the rectangular cursor. Then, use the left- and
right-arrow keysto move about the expression. The expression can be translated into paper as follows:
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SIN(@)H [y (5 +8@&) M1* + (b2+d) [{2H +3&) 2* + b2 (@ [(2[H + 3[&) [&)
3[p?

Thereis till the factor (2H+3a) that can be factored out of the last two terms in the numerator. Press
['¥] until the rectangular cursor is available. Then move the cursor on top of the term b2 contained in
(b2+d). Next, press[A][A][A][A][FACTO]. Thisresult in the expression:

SIN(6) [H [y [{bl+b2) [{(5[H +8 &) [bl+ (30H +4[&) (b2 +8H [H +12[d (&)
302’

Thisis an improvement as we were able to identify the factor (b1+b2), however, within the second set
of parentheses in the numerator we still have some factoring to do, particularly, in the last two terms.
Press [¥] until the rectangular cursor is available. Then move the cursor on top of the term 8
contained in 8[dH Press [A][A][A] until the term 8[dM is highlighted. Next, press [~][»] to
highlight the last two terms, and press [FACTO]. The highlighted term is converted to dC(2[TH+3a)4.
The entire expression now looks like this:

SIN(8) [H [y (bl +b2) [{(5[H +8[&) [bl+ (30H +4[&) (b2 +d [(2(H +3[&) [4)
3[2?

Press[ENTER] and save the result into variable My, by using:
[~][ ¢ IALPHA][M] [ALPHA][<][Y] [STOP].
Press[VAR]. You should have in your soft-menu key labels the following keys:
[ My ][ Mx ][ F ]
4 Coordinates of the center of pressure;
To calculate the coordinate Xcp = M,/F use:
[ My ][ F ][#]["][ALG][FACTO]
After about 30 seconds the calculator returns the result:
‘((5* H+8*@)*b1+((3* H+4* a)* b2+(8* d* H+12* d* a)))/(8* H+12*a)’.
This result can be factored even more using the equation writer to make it look like this;

(50H +8&) i+ (3(H + 4 &) b2+ d [(2[H +3[@) @
(2[H +3@) &
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This latter result suggest that we can write:

—d+ (5H +8[A) M1+ (3H +4[a) M2
i A2[H +3[A) '

Xo

To calculate the coordinate ycp = M,/F use:
[ Mx ][ F 1[#]1[~][ALG][FACTO]
After about 20 seconds the calculator returns the result:
“(3*H 2+8*a*H+6*an2)/ (4*H+6%a)’ .

The denominator has a common factor of 2, but no other ssimplification is possible, so the result is:

Voo = 3[H*+8[AMH +6[@&°
° 22[H +3M@)

Now, check these results by hand.

INote: Just kidding!|
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Mathematics: area in polar coordinates

The figure below illustrates a region R described by { 0 < r < f(6), a< 6 < b}. The quasi-triangular
infinitessimal element of arealimited by the angle d6 and the curve has an area

dA =1 (base) ((height) = Y{(r(d8){r) = ¥d = YL[f(6)]%(de.

T f=b

Therefore, the area of the regionis given by

_ _1 o= 2
A—!dA—Eq;:a[f(G)] [d6.

Example 1 — Calculatethe area of theregionR={ 0<r<a,0< 8< 2 11}, i.e, theareaof the circle of
radiusr = a centered at the origin. Typein theintegral:

12-1T2
EIEI a da+

[EOIT | CURS | BTG m] EVAL [FACTOITERF A

Press[ A][A][A][EVAL] to get the result a’[m

Fluid dynamics: calculating discharge in pipe for laminar flow
The figure below shows the profile of laminar flow velocity as a function of the radial distancer in a pipe.
The velocity distribution is given by the expression,
v(r) = v 1-(r/ro)’],
where v, is the centerline velocity and r, is the radius of the pipe.

We can use this expression to obtain the discharge (volumetric flow) in the pipe by using the definition
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Q=[v

[dA

Because the velocity distribution in a pipe depends on the radial distance only, we can use an element of
area consisting of aring of thickness dr and length 21t, thus, the areaiis

dA =2

Trdr.

N0,

L.

\

=
J

Y

Velocity

da

6)

dr

With this element of area, the dischargeis calculated, in general, as

Q=I0r°v(r)E2BTDT g

For the specific case of alaminar flow velocity distribution, you will need to set up the integral:

e
5]
LIy 1_[5] 2t dt
5]

EDIT]CURS [ETd m] EVAL JFACTOITERF A

Then, press[ENTER][~][EVAL]. Theresultis‘vc*r0r2*1v2’.

The mean velocity isdefined asV = Q/A, with A = i, then V = v/2 for laminar flow.
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