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15 Partial Differential Equations

This chapter introduces basic concepts and definitions for partial differential equations (PDEs)
and solutions to a variety of PDEs. Applications of the method of separation of variables are
presented for the solution of second-order PDEs. The application of this method involves the
use of Fourier series that were introduced in Chapter 13. This chapter also introduces Fourier
transforms which can be used to simplify the solution of some PDEs. The aim of the chapter is
to demonstrate Maple applications in the solution of well-known PDEs from mathematical
physics, rather than being a comprehensive presentation on partial differential equations.

Definitions

M Equations involving one or more partial derivatives of a function of two or more
independent variables are called partial differential equations (PDESs).

M well known examples of PDEs are the following equations of mathematical physics in
which the notation: u =u/dx, u,,=du/dydx, u,=d"u/ ox’, etc., is used:

[1] One-dimensional wave equation: Uge = C° Uy

[2] One-dimensional heat equation: Up = €% Uyy
[3] Laplace equation: Uxtuyy = 0, (2-D), or UxctUyy+Uz= 0 (3-D)
[4] Poisson equation:  uy+uyy, = f(X,y ),(2-D), or UxctUyy+Uz= T(X,y,z) (3-D)

M The order of the highest derivative is the order of the equation. For example, all of
the PDEs in the examples shown above are of the second order.

M A PDE is linear if the dependent variable and its functions are all of first order. All of
the PDEs shown above are also linear.

M A PDE is homogeneous if each term in the equation contains either the dependent
variable or one of its derivatives. Otherwise, the equation is said to be non-homogeneous.
Equations [1], [2], and [3] above are homogeneous equations. Equation [4] is non-
homogeneous.

M A solution of a PDE in some region R of the space of independent variables is a
function, which has all the derivatives that appear on the equation, and satisfies the
equation everywhere in R. For example, u = x* - y?, u = e* cos(y), and u = In(x*+y?), are all
solutions to the two-dimensional Laplace equation (equation [3] above).
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Example 1 -- Verify that u = sin wct sin wx satisfies the wave equation Ug = €% Uyy.

Using Maple:

> restart:PDEwave:=diff(u(x,t),t$2) = c 2*diff(u(x,t),x$2);
> u:=(X,t) -> sin(w*c*t) *sin (w*x);

> PDEwave;

_siwct)w? 2 siw x) = —siw ¢ t) w2 ¢2 sin(w x)

Example 2 -- Determine the value of c so that the function u = esin 3x satisfies the heat
equation.

Using Maple:

> restart:HeatEqn:=diff(u(x,t),t) = c"2*diff(u(x,t),x$2);
> u:=(X,t) - exp(-t)* sin(3*x);

> HeatEqgn;

(-t) 92 e(—t)

-e Sn3x)=- sin3x)

> solve(HeatEqn,{c});

N
(=2} {c=7)

Example 3 -- Verify that the function u = tan(y/x) is a solutio of Laplace’s equation in two
dimensions.

> restart:LaplaceEgn:=diff(u(x,y),x$2)+diff(u(x,y),y$2) = O;u:=(x,y) -> arctan(y/x);
> LaplaceEqn;
> simplify(LaplaceEqn);

0=0

M A unique solution to a PDE is obtained by using an appropriate number of initial
conditions (conditions dependent on time given typically at t = 0), and/or boundary
conditions (conditions at specific points of the solution domain known as boundaries of the
domain).

Example 4 -- Verify that u(x,y) = a In(x*+y®)+b satisfies Laplace’s equation in two dimensions,
and determine a and b so that u satisfies the boundary condition u = 0 on the circle x*+y*= 1
and u = 5 on the circle x*+y?=9.

To verify that the function u(x,y) satisfies the Laplace equation use:
> restart:LaplaceEqn:=diff(u(x,y),x$2)+diff(u(x,y),y$2) = O;
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> u:=(X,y)->a*In(x"2+y"2)+b;simplify(LaplaceEqn);

To evaluate the boundary conditions use:
> u:="u":Definition:=u=a*In(x"2+y”~2)+b;
Definition := u=a In(x*+ y*) + b

> egl:=subs({x"2+y~2=1,u=0},Definition);eq2:=subs({x"2+y~2=9,u=5},Definition);

eql:=0=alIn(l)+b
eg2:=5=aln(@ +b

> solve({eql,eq2}.{a,b});evalf(%);

1
{a=5——, b=0} {a=2.275598067, b = 0}
In(9)

M In general there should be as many boundary or initial conditions as the highest order
of the corresponding partial derivative. For example, the one dimensional heat equation
(equation [2]) applied to a insulated bar of length L, will require an initial condition, say

u(x,t=0) = f(x), 0 <x <L,

as well as two boundary conditions, e.g., u(x=0,t) = upand u(x=L,t) = ug, or, uy(x=0,t) = Uy,

and u,(x=L) = u,, or some combination of these, for t >0.

Classification of linear, second-order PDEs

Linear, second-order PDEs, as the examples shown above as equations [1] through [4], are
commonly encountered in science and engineering applications. For that reason special
attention is paid in this section to this type of equations. First, we learn how to classify linear,

second-order PDEs as follows:
An equation of the form:

Auyy + 2Buy + Cuyy = F(X,Y,U,Ux,Uy),
is said to be:

M parabolic, if AC-B?=0, e.g., heat flow and diffusion-type problems.

M hyperbolic if AC-B?<0, e.g., vibrating systems and wave motion problems.

M elliptic , ifAC-B?>0, e.g., steady-state, potential-type problems.
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Analytical solutions of PDEs

There are a variety of methods for obtaining symbolic, or closed-form, solutions to differential
equations. In this section we will present two of those techniques:

M separation of variables
M Integral transforms (Laplace transforms, Fourier transforms)

The method of separation of variables can be used to obtain analytical solutions for some
simple PDEs. The method consists in writing the general solution as the product of functions of
a single variable, then replacing the resulting function into the PDE, and separating the PDE
into ODEs of a single variable each. The ODEs are solved separately and their solutions
combined into the solution of the PDE.

In many cases, the ODEs resulting from the separation of variables produce solutions that
depend on a parameter known as an eigenvalue (if the eigenvalue appears in a sine or cosine
function that depends on time, it is referred to as an eigenfrequency). The solutions involving
eigenvalues are known as eigenfunctions.

The use of integral transforms reduces a PDE in n independent variables into one that has only
(n-1) independent variables, thus a PDE with two variables can be easily changed into an ODE.

Integral Transforms

In Chapter 13 we introduced Laplace transforms for the solution of ordinary differential
equations. In this section we introduce other integral transforms that we will use in the
solution of partial differential equations. In general, an integral transform is a transformation
that relates a function f(t) to a new function F(s) by an integration of the form

F(s) :J:K(S,t) F (t) Cett.

The function k(s,t) is known as the kernel of the transformation.

The use of an integral transform allows us to resolve a function into a given spectrum of
components. To understand the concept of a spectrum, consider the Fourier series

f(t)y=a, + i(an [tosw, x + b, BNnw, x)
n=1

representing a periodic function with a period T. This Fourier series can be re-written as

f(x)=ao+2/x wos T+ ),

where
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A =,a?+b?, tan’l%g

forn=1,2, ..

The amplitudes A, will be referred to as the spectrum of the function and will be a measure of
the magnitude of the component of f(x) with frequency

f,=n/T.

The basic or fundamental frequency in the Fourier series is fo = 1/T, thus, all other frequencies
are multiples of this basic frequency, i.e., f, = nfy. Also, we can define an angular frequency,

w, = 2nT/T = 21}, = 2ntthy = nidy,
where wy is the basic or fundamental angular frequency of the Fourier series.

Using the angular frequency notation, the Fourier series expansion is written as

f) =2, +Y A, ltos(@,x+¢,) =a, + Y (a, Eosw,x+b, Enw, x)

n=1 n=1

A plot of the values A, vs. w, is the typical representation of a discrete spectrum for a
function. The discrete spectrum will show that the function has components at angular
frequencies w, which are integer multiples of the fundamental angular frequency .

Suppose that we are faced with the need to expand a non-periodic function into sine and
cosine components. A non-periodic function can be thought of as having an infinitely large
period. Thus, for a very large value of T, the fundamental angular frequency, wp =21V/T,
becomes a very small quantity, say Aw. Also, the angular frequencies corresponding to w, =
nidy =nldw, (n=1, 2, .., ©), now take values closer and closer to each other, suggesting the
need for a continuous spectrum of values.

The non-periodic function can be written, therefore, as
f(x) = I:[C(w) [cos(w [X) + S(w) [Bin(w [IX)]dew,

where

_ 1 e
C(w) = o q_m f (X) Ceos(w [X) [olx,

and

g .
S(w) = o q_w f (X) Sin(w X) Cax.

The continuous spectrum is given by

Aw) = [C@)]? +[S@)]?
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The functions C(w), S(w), and A(w) are continuous functions of a variable w, which becomes the
transform variable for the Fourier transforms defined below.

Example 1 - Determine the coefficients C(w), S(w), and the continuous spectrum A(w), for the
function f(x) = exp(-x), for x > 0, and f(x) =0, x < 0.

Using Maple, the value of C(w) is found with:
> "(1/sgrt(2*Pi))*int(exp(-x)*cos(omega*x),x=0..infinity)";C:=%;

e(_x) cos(w X) dx C L ﬁ

0 | Zﬁ(l+w2)

J2r

Also, the calculation of S(w) is found with:
> "(1/sgrt(2*Pi))*int(exp(-x)*sin(omega*x),x=0..infinity)";S:=%);

e
e sn(w x) dx 1 «/Ew

m Zﬁ(lﬂoz)

The continuous spectrum, A(w) is calculated as:

> A:=sqrt(Cr2+S12);simplify(A);

1 42
2 | 2
l+w «/;
Define this expression as a function and plot the spectrum:
> A:=omega -> 1/2*sqrt(2)/(sqrt(l+tomega™2)*sqrt(Pi));plot(A(omega),omega = 0..10);
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Fourier transforms

In Chapter 13 we introduced the Laplace transforms indicating that the transform takes a
function, f(t), in t-space, and transform it into a function, F(s), in s-space. Thus, F(s) = L{f(t)}
represents the Laplace transform of f(t), and f(t) = L™Y{F(s)} represents the inverse Laplace
transform of F(s). In this section we introduce three types of transform and their inverses as follows:

M Fourier sine transform:

F (1)} = F(w) = 2 q‘” f () &in(co ) Cott
T 0

M Inverse sine transform:

FY{F(w)}=f(t)= f F (w) Gin(co ) Celt
M rourier cosine transform:

FAF) = F(@) =2 0 1(2) Cos(erm) (et

T 0

M Inverse cosine transform:

FH{F(w)} = f(t) =Lm F (w) [Gos(co ) Coit
M Fourier transform (proper):

L0} =F(@) = 1] fore™ o

M Inverse Fourier transform

FYF(w)} = f (1) = % T Fle) e ot
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Example 1 - Determine the Fourier transform of the function f(t) = exp(-t), for t >0, and f(t) =
0, for t<0.

The continuous spectrum, F(w), is calculated with the integral:

0 . — —_ +
[ et t—nm—fe w0 g = fim = 2T SPCEAHOND_ 1 o 1

1
Vo -2 eoord 1+iw H Vor 1+iw
This result can be obtained in Maple by using:

> "(1/sgrt(2*Pi))*int(exp(-(1+1*omega)*t),t=0..infinity)";F:=%;

(asiw)
0 1 42
F=r—F/— —C
o 2.1 (1+1 w)

This result can be rationalized by multiplying numerator and denominator by the conjugate of
the denominator, namely, 1-iw. The result is now:

R = X Etr:
\/5-[1+|a) Jorr Ol+tiw —-iw \/E-[HH(A) 1+ w?

In Maple, this is accomplished by using:
> evalc(F);

142 1 120
2«/;(1+002) 2«/;(1+002)

The result just obtained is the complex function F(w). The real and imaginary parts of the
function can be plotted as shown below:

> ReF:=Re(F); ImF:=Im(F);plot({ReF, ImF},omega = 0..5);
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Notes:

1.

The absolute value of the Fourier transform, |F(w)], is the frequency spectrum of the
original function f(t). For the example shown above, |F(w)] = 1/[2m(1+w?)]¥?. The plot of
|F(w)] vs. w was shown earlier.

Some functions, such as constant values, sin x, exp(x), x2, etc., do not have Fourier
transform. Functions that go to zero sufficiently fast as x goes to infinity do have Fourier
transforms.

Properties of the Fourier transform

Let @ represent a Fourier transform, i.e., a sine, cosine, or full Fourier transform. The
transforms possess the following properties:

1.

Linearity: If a and b are constants, and f and g functions, then ®{afi + big} =a ®{f }+ b
>{g}.

Transformation of partial derivatives. Let u = u(x,t). If the Fourier transform transforms
the variable x, then

M o{ou/ox} = iw dfu}

M o{0’u/0x%} = - d{u}
M o{ou/ot} = ad{u}/ot
M o{o’u/at?) = 0*d{u}/ot?

Convolution: For Fourier transform applications, the operation of convolution is defined as

(190 = [ 1(:-6) (&) [

The following property holds for convolution:

®{f*g} = O{f}P{g}.
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Fourier transforms and convolution using Maple

Maple provides the functions fouriersin, fouriercos, fourier, and invfourier, within package
inttrans (integral transforms), to calculate, respectively, the Fourier sine, Fourier cosine,
Fourier transform, and inverse Fourier transforms.  These transforms are defined slightly
differently than the definitions provided before. The Maple definitions for the transforms are
as follows:

M Fourier sine transform:
F(t)} = F(w) = ‘/3 q‘” f (t) @in(ew ) et
7T 0

M Fourier cosine transform:

F{fMO} =F(w) = \/% q: f (t) [bos(co 1) Ceit
M Fourier transform:
R0} = F@) = [ F(0&™ ot

M Inverse Fourier transform

FYF ()} = f(t) = %T T, Fle) e

Although not included in the list of functions in package inttrans, the inverse Fourier sine and
cosine transforms, following the definitions of the Fourier sine and cosine transforms, would be
calculated as:

M Inverse sine transform:
FAHF@)} = ()= 2 [ F() Sn(r) et
T 0

M Inverse cosine transform:

FH{F(w)} = f(t) =\/§q)wl:(a)) [cos(co ) Colt

Some examples of Fourier transforms using the functions of package inttrans are shown next:
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Example 1 - Determine the Fourier sine, Fourier cosine, and Fourier transforms of the function
f(t) = 1/t:

> restart:with(inttrans): f:=t->1/(1+t);

> fouriersin(f(t),t,omega);

/2 (sifw) Ci(w) - cos(w) Ssi(w))

Jr

> fouriercos(f(t),t,omega);

/2 (~sin(w) Ssi(w) - cos(w) Ci(w))

Jn

> fourier(f(t),t,omega);

(lw

) . .
le 1 (Heavisidé—-w) — Heavisidéw))
Example 2. Use Fourier transforms to obtain the convolution of the functions f(t) = t and g(t) =
exp(-t?):
> restart:with(inttrans): f.=t->t;g:=t->exp(-t"2);

fi=t 5t

> F:=omega->fourier(f(t),t,omega):G:=omega->fourier(g(t),t,omega):F(omega);G(omega);

21 it Dirad 1, w)

B
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> H:=omega->F(omega)*G(omega):H(omega);

NN oTi:
211 Dirad1, w) e

> invfourier(H(omega),omega,t);

Jmt

Analytical solutions to parabolic equations:
one-dimensional solution of the heat equation
The flow of heat in a thin, laterally insulated homogeneous rod is modeled by

du/ot = k[*u/ox?),

where u = temperature, k = a parameter resulting from combining thermal conductivity and
density, together with an initial condition

u(x,0) = f(x)
and constant-value boundary conditions

u(0,t) = ug, and u(L,t) = u,.

The physical phenomenon described by this PDE and its initial and boundary conditions is
illustrated in the figure below with uy = u. = 0.

k)= 1)

[
I
X - 0 x=L
uix =10 ujxLj=0
T
In Maple, we can enter the heat equation as:
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> restart;
> heat_eqn:= diff(u(x,t),t) = k*diff(u(x,t),x$2);

2

o 02
heat_egn ::a ux,t) =k u(x,t)é
X

We will try to find a solution by the method of separation of variables. This method assumes
that the solution, u(x,t), can be expressed as the product of two functions, X(x) and T(t), as
follows:

> U= (X, 1) -> X(X)*T(t);

u = (x, t) -> X(x) T(t)
With this substitution, the initial condition, u(x,t=0) = f(x) = X(x)T(t), can be treated as the set
of conditions: X(x) = f(x), when t = 0 [i.e., T(t) = 1]. Also, the boundary conditions, u(0,t) =
X(0)T(t) = u[0];, and u(L,t) = X(L)T(t) = u[L];, can be treated as X(0) = u[0], and X(L) = u[L];, as
long as T(t) # 0;.

The derivatives of u(x,t) are calculated as follows:
> "diff(u(x,t),x$2)"; diff(u(x,t),x$2);

L o*
ZU(X,t) ZX(X) (1)
0Xx X

> "diff(u(x,t),t)";diff(u(x,t),t);
iu(x t) X(x)%T(t)E
ot t

Replacing these derivatives in the heat equation we get:

> heat_eqn;
X() (0 E=k X(x>§m)

Dividing by u(x,t) = X(X)T(t):
> heat_eqgn:= heat_eqn/u(x,t);

2
heat ._at _ x2
AT T X
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This result is only possible if both sides of the equation are equal to a constant, say -a, since
the left-hand side is only a function of t and the right hand side is only function of x. The left-
hand side of the heat equation produces an ODE with independent variable t:

> Ihs_eqgn:= diff(T(t),t)/T(t)=-alpha;

—T(t
Ihs_eqn = o =
S egn:= T =
Whose solution is:
> dsolve({lhs_eqn,T(0)=1},T(t));
-0t
T(t):e( at)

On the other hand, the right-hand side of the heat equation produces an ODE with independent
variable is x:

> rhs_eqn:=k*diff(X(x), $ " (x,2))/X(X)=-alpha;

2
K 9 X(x)
X
2
hs egn X a
- X(x)
Let's try to solve this equation directly using the boundary conditions u[0] = u[L]; = O:

> dsolve({rhs_eqn,X(0) = 0, X(L) = 0}, X(x));

X(x)=0

We find a trivial solution by direct integration. Let's try a different approach:

> rhs_sol:= dsolve(rhs_eqn, X(x));

a a
rhs sol :=X(x)=_C1 sir%\/;xg+ _C2 cos%\/;xg

Next, we replace the boundary conditions:
> eqCA:= evalf(subs({X(x) = 0, x = 0}, rhs_sol));
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eqCA:=0=1. _C2
> _C2:= solve(eqCA,_C2);
_C2:=0

_C2 turns out to be equal to zero, simplifying the solution to:

> rhs_saol;
. a
X(x)=_C1 su'%\/;x%

> eqCB:= evalf(subs({X(x) = 0, x = L}, rhs_sol));

(o
wCB=0=_Clﬂ%iq/;;E

The latter result indicates an eigenfunction problem, we need to find all possible values of
alpha; for which this equation is satisfied. Since we want _C1 # 0, then we set

2o

{a =0}

> solve(sin(L*sgrt(alphask))=0, {alpha});

The function solve gives only the first solution to the equation. We know, however, that the
sine function has multiple solutions located at,

L\/% =...=3m,—2mr,—-m,0, m1,2m1,3m, - - -

i.e.,
> egn_TFor_alpha:= L*sqrt(alpha/k) = n*Pi;# forn=..-3,-2,-1,0,1, 2, 3, ...

a
egn_for_alpha:=L ﬁ =Nt

> alpha:= solve(eqn_for_alpha, alpha);
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Therefore, with these values of a the solution for rhs_eqn now becomes:
> rhs_sol;

2_2
n-Tt

X(x)=_C1ls
L

The value of _C1 remains somewhat arbitrary, requiring a different approach to find it. To
simplify notation we will replace _C1 with by:

> subs(_C1=b[n], rhs_sol);
2 2
n 1t

L2

X(x) =bp s X

With the value of found earlier, the solution to lhs_eqn is now:

> subs(alpha=n"2*Pi~2*k/(L"2),T(t) = exp(-alpha*t));

2
n2 n kt
L2
T(t)=e
There will be a different expression for u(x,t) = X(t)T(n) for each value of n=... -3, -2, -1, 0,
1, 2, 3, .... Therefore, we will call the solution corresponding to a particular value of n u,(x,t)

and write:
> u_sub_n:= (x,t) -> b[n]*sin((n*Pi/L)*X)*exp(-n*2*Pir2*k*t/(L"2));

n2T[2kt

2

._ CHAnTtx L
usub n:=(xt) - bnsr%TEe

The form of the n-th solution, u,, suggests an expansion similar to a Fourier series expansion
for the overall solution, u(x,t), restricting the values of n to postive integers, i.e.,

> u:= (X,t) -> sum(u_sub_n(x,t), n = L.infinity);#resulting expression

u:=(xt) - Z u sub n(x,t)
n=1
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> u(x,t);
2 _OnTrx _
3 a0
n=1

with the values of b, obtained from the boundary condition, u(x,0) = f(x), i.e.,
> u(x,0) = F(x);

n2n2kt

> CHnTTX L2
Z bl’]Sl L Ee
n=1

The latter result is a Fourier sine series with the coefficients b[n]; given by:
> b= n -> (2/L)*int(F(x)*sin(n*Pi*x/L), x = 0..L);

L
f(x) sir%nl_ﬂédx
0

L

b:=n-2

Example 1 - Determine the solution for the one-dimensional heat equation subjected to u(0,t) =
u(L,t) = 0, if the initial conditions are given by u(x,0) = f(x) = 4[(x/L)*(1-x/L)%

Without loss of generality we can take L = 1, and define the function:

> restart;
> fi= x -> 4*x"3*(1-x)"2;
3 2
f :=x->4x (1- Xx)

A plot of the function is shown below:
> plot(f(x), x = 0..1);
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The Fourier series coefficients are calculated as:
> b:= n -> 2*int(f(x)*sin(n*Pi*x), x = 0..1);
1
b:=n - ZFIE f(x) sin(n 1t x) dx
0

Generating 10 components:

> col:= seq(b(n), n = 1..10);

2 2 2 2 2 2
=12 +m -15+T1 16 -4+3m1m 1 -15+4mn 16 -12+251 2 -5+31
col:=-16 , 2 -— , - ,—
5 81 5 16 5 3125 5 81 5
] T ] T ]

5
s

16 -12 +49 n2 1 -15+16 T[2 16 -4+27 T[2 2 -3 +5T[2
16807 5 '512 5 " 19683 5 '625 5
Tt Tt Tt Tt

> evalf(col);#Floating-point values of the coefficients

.1113860683, -.03352984038, -.01653008369, .004999355193, -.003927425008, .001985574939,
-.001467114439, .0009121251879, -.0006972273534, .0004846540198

Assuming k = 1, the solution u(x,t) will be expressed by the function F(x,t,n) defined as:

> F:= (X,t,n) -> sum(col[jI*sin(*Pi*x)*exp(-j2*Pir2*t), j = 1..n);
C (2n*1)
F:=(x,t,n) = -Zl colj srjmx)e
J =

Plot of the temperature distribution at t = 0.1:
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> plot(F(x,0.1,10), x = 0..1);
0.041
0.03
0.02

0.01

0 02 04 y 06 08 1

A time-lapse surface of the solution u(x,t) can be constructed using:
> plot3:= plot3d(F(x,t,10), x = 0..1, t = 0..0.1):
> plots[display](plot3, style = patch, axes = frame);

A different view of the solution surface is achieved by using:
>plots[display](plot3, style = patch, axes = frame, orientation=[-117, 63]);

Slices of the surface solution, i.e., curves of u(x,t) vs. x for different values of t, are shown
next:

> ts:= [seq(0.01*(j-1), j = 1..11)]; #Selected values of time
ts := [0, .01, .02, .03, .04, .05, .06, .07, .08, .09, .10]

> many_plots:= {seq(plot(F(x,ts[r],10),x=0..1),r = 1..11)}:
> plots[display](many_plots);
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To see an animation of the function F(x,t), which will show F vs. x for different values of t,
use:

> plots[animate]( F(x,t,10), x=0..1, t=0..0.5,frames=50, color = blue);

Try this command in Maple to see the animated graph.
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Analytical solutions to hyperbolic equations:
One-dimensional solution of the wave equation

The wave equation, shown below, can be used to model the displacement of an elastic string or the longitudinal
vibration of a beam:

> restart:WaveEqn:=diff(u(x,t),t$2) = c 2*diff(u(x,t),x$2);

02 02
WaveEgn := — u(x, t :CZ%U X, t E
q e (% 1) ¥ (% 1)

T
For the case of an elastic string, ¢ =—, where T is the constant tension in the string and i is the mass per unit
Tl

E
length of the string. For the case of longitudinal vibration of a beam, ¢? :gT , Where g is the acceleration of

gravity, E is the modulus of elasticity, and p is the density of the beam.

Suppose we solve the wave equation for a vibrating string of length L using separation of variables with the

boundary conditions u(0,t) = u(L,0)= 0. Also, the initial shape of the string is given by u(x,0) = f(x), and the
0

initial speed of the string is given by a u(x, t) =g(x) att =0. We postulate a solution of the form u(x,t) =

X)T(L), i.e.,

[ > u=(x, ) -> X(X)*T();

L u:=(xt) - X(x) T(t)
and replace this result in the original PDE:

o’ , 09
X(x) %}T(t)é=c %}X(X)ET(U

Dividing both sides of the equation by u(x,t), we get:

| > WaveEqn1:=simplify(WaveEqn/u(x,t));
0’ 0
—T(t CZ%X X E
Y (1) 2z (x)

WaveEqgnl := =

L T(t) X(x)

This equation is only possible if the two sides of the equations are equal to a constant, say, —o°. With this we
can write two ODEs, one for each side of the equation WaveEqn1l, i.e.,

[ > ODEL:=diff(T(t),t$2)+alpha2*T(t)=0: ODE2:=diff(X(x),x$2)+(alpha/c)*2*X(x)=0;

62
ODEL := %T(t)%mzm) =0
0 a’ X(x)
ODE2 = 2z X(x)g+ z =0
The solutions to these equations are:

| > Soll:=dsolve(ODE1,T(t));Sol2:=dsolve(ODE2,X(x));

| > WaveEqn;
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Sol1:=T(t)=_Clcos(at)+_C2sin(at)

o X o X
Sol2:=X(x) =_C1 siné?%_cz COSETE

Note: the constants C1 and _C2 in the two solutions are not the same.
The boundary conditions u(0,t) = u(L,t) = 0 translate into X(0) = X(L) = 0. With these boundary conditions, we

can form the following algebraic equations:

| > Eq1Sol2:=simplify(subs({x=0,X(x)=0},Sol2));

L EglSol2:=0=_C2
| > _C2:=0;Eq2Sol2:=simplify(subs({x=L,X(x)=0},Sol2));

_C2:=0
Mo L
Eq2Sol2:=0=_C1sin
L c
. . . CHal . . oL
We have an eigenvalue equation given by sin =0. The solution to this equation is— =0,1T,2T,..., Or a =
c c
TIC 2TIC . N . nrtc .

T ,--.. Using only the positive values, we can write a = ,nh=0,1,2,.... Next, using the value of

L L
o and _C2 =1, we obtain an expression for X(x) as follows:

| > alpha:=n*Pi*c/L;Sol2:=subs({_C1=1},Sol2);assign(%);

nttc

a =

L
S0l2 := X(x) = sin%nl_ﬂ%

function T(t) gets written as (we need to redefine _C1 and _C2 first):

| > Cl:i="_C1":_C2:="_C2":Soll;
nrmct ~Onmct
T(t)=_C1 COS%T%- _C2 sn%T%

| > T:=t->_Cl*cos(n*Pi*c*t/L)+_C2*sin(n*Pi*c*t/L);

ntct ~Onmct
T=t- Cl1 cos%T%+_C2 sm%T%

The function u(x,t) is now:
> uxb);

~HOnmx nmct ~[HAnmct
sin %@Cl co! E+ C24dn %
L L - L

Application of the initial conditions provide the following equations:

| > EqSol_1:=f(x) = u(x,0);
n TIx
EgSol_1:=f(x)=_C1 sinETE

> EqSol_2:=g(x)=simplify(subs(t=0,diff(u(x,t),t)));
sin%nl_ﬂé‘cz ntc

L

EqSol_2:=g(x) =
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Since the last two equations need to apply for n = 0,1,2, ..., we recognize in them the equations that define
Fourier cosine series if we use _Cl=a,, and _C2=Dh,, i.e.,

| > _Cl:=a[n]:_C2:=b[n]:EqSol_1;EqSol_2;
N TTX
f(x) = a, sin%*%
L
N TTX
sin%f%bn nrc
L

L

g(x) =

| > Eqa:=int(a[n]*sin(n*Pi*x/L)"2,x=0..L)=int(f(x)*sin(n*Pi*x/L),x=0..L);

L i - %
Eqa:=—Ean (cos(nTr) sin(n ) nn)= (00 sin nfx%dx

2 nTtt

1 1
—Ebnccos(nn)sin(nn) +5bncnn

> Egb:=int(g(x)*sin(n*Pi*x/L),x=0..L)=int(b[n]*n*Pi*c/L*sin(n*Pi*x/L)"2,x=0..L);
L
HOnrx 1 ) 1
Eqgb :=H g(x) smETde = —5 b, c cos(n 1) sin(n 1) +5 b,cnm
0
> assume(n,integer);Eqa;Eqb;

L

Lo =01 'E—mnxéd
2aﬂ~ = f(x) sin . X

0
L

) n~nx%d 1b
X) sin X=—b_cn~Tt
g(x) %T 2P

The equations defining coefficients a, and b,are given by:

0

L L

2 f _E;nnxéd db 2 _E;nnxéd f 1,2,3
=— X) sin x, and b, = —— X) sin x, forn=1,2,3,...
& L ) L ntc 9(x) L

0 0

The final solution is, therefore,
[ > u=utius=(x,B)->sum(sin(n*Pi*x/L)*(a[n]*cos(n*Pi*c*t/L)+b[n]*sin(n*Pi*c*t/L)),n=1..infinity);u(x,t);

— [Onmx ntct [nmct
u:=(xt) - Z sn%*%%“ cos%*% bnsmﬁi%
<700 L L
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—  [On~1x n~Tct ~On~Tct
Z sm%i%%ﬁ~ coséig b, sméi%
= L L L

X X
Example 1 - Consider the case of a vibrating string with the initial displacement given by f(x) :r (1 _E)' and
2

X X
the initial velocity given by g(x) = E[E 1 _I)' Theboundary conditions are u(0,t) = 0, u(L,t) = 0. Determine

the solution u(x,t) for this problem using components of the resulting Fourier series for n= 1, 2, ..., 20, ifc =
landL=1.

| > restart:f:i=x->(x/L)*(1-x/L);g:=x->(x/L)*(1-x/L);#Define functions f(x) and g(x)

X
X R
L
fi=X 5 ———
L
X
X -
L
X777
L

The following commands define the coefficients of the Fourier series, a, and b,:

| > ai=n->(2/L)*int(f(x)*sin(n*Pi*x/L),x=0..L);
L
n TTX
f(x) sin%; %dx
L
0

g:=

a=n-2
L L
| > b:=n->(2/(n*Pi*c))*int(g(x)*sin(n*Pi*x/L),x=0..L);
L
n TTX
a(x) sin%*%dx
L
b:=n-2 2
nrtec

T

list of the first 20 coefficients follows:
> aa:=seq(a(n),n=1..20);bb:=seq(b(n),n=1..20);
1 8 1 il il il 8 1 8 1 8 1 8 1 8 1

aa :: 8_l Ol __l Ol _l Ol _l Ol _l Ol _l Ol _l 1 _l Ol _l Ol _l O
™ 271 125 ¢ 343 7 729 13317 2197 i 3375 4913 ¢ 6859 17’
1 8 1 8 1 8 1 8 1 8 1 8 1 8 1 8 1
bb:=8—,0,——,0,——,0, —, 0, —, 0, —, 0, —0———70,—>—,0,
8l 625 11 2401 1t 6561 17 14641 1 28561 1t 50625 1t 83521 1t
8 1
— 0
130321 1t

The approximate solution using 20 components is given by:
| > ui=(x,t)->sum(sin(n*Pi*x/L)*(aa[n]*cos(n*Pi*c*t/L)+bb[n]*sin(n*Pi*c*t/L)),n=1..20);

2 Onmx nrct Onmct
u=(xt) - Zsm cos +Dbb, sin
bt L L L

Defining parameters for this problem:

-
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| > c:=1;L:=1;plot(f(x),x=0..L);plot(g(x),x=0..L);

0.257

0.15-
01

Q.05

i 0 0.2 D4 , 08 08 1
A three-dimensional plot of the signal u(x,t) follows:
[ > plot3d(u(x,t),x=0..1,t=0..4,axes = boxed);

oo

=g
Lo S SR e TR N

An animation of the signal is given by:
| > plots[animate]( u(x,t), x=0..1, t=0..4,frames=50, color = blue, scaling = constrained);

0.2 ..__._.._.--"'_ _"‘H._%...
01
-~
g 02 D4 4 06 0B 1
01
021
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Analytical solutions to elliptic equations: Two-dimensional
solution to Laplace's equation in a rectangular domain.

Laplace's equation in two-dimensions is given by

%%22 u(x, y) EJr%l; u(x, y) E= 0

In problems related to heat transfer, the two-dimensional Laplace equation describes the steady state
distribution of temperature u(x,y) in the x-y plane. In fluid mechanics, u(x,y) could describe the velocity
potential or the streamfunction for a two-dimensional potential flow. The problem requires two boundary
conditions in the two independent variables x and y.

Solution to Case [1].
Laplace equation is solved in a rectangular domain so that 0<x<L, O<y<H, a suitable set of boundary conditions
may be
u(x, 0) =0, u(x, H) =g(x), u(0,y) =0, u(L, y)=0.
as illustrated in the figure below:

ufx,H] = g(x)

uovi =0 ulLy) =

0 ufx,0] = 0 L

Separation of variables suggests that we use a solution of the form,

u(x, y) =X(x) Y(y)-
Solving the equation through separation of variables proceeds in the following fashion:
| > restart:LEq:=diff(u(x,y),x$2)=-diff(u(x,y),y$2);u:=(x,y) -> X(x)*Y(y);LEq;

LEq ::a—zzu(x, y) = —H%; u(x, V)E

=(xy) = X(x) Y(y)

E;X(X) Y (y) ==X(x) %;Y(Y)E

Dividing by u(x,y) = X(X)Y(y) results in:
| > LEq:=simplify(LEg/u(x,y));
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2 2

&X(X) B ﬁY(y)

X() YY)
For the two sides of the resulting equation to be equal, they both must be equal to a constant, N, resulting in
the following two ordinary differential equations:

| > ODEL:=diff(X(x),x$2)+lambda”2*X (x)=0;0DE2:=diff(Y(y),y$2)-lambda™2*Y(y)=0;

ODEL1 := %%X(x) EH\ZX(X) =0

62
ODE2 :=%;Y E—)\ZY =0
¥ (y) (y)

LEq :=

The solution to the first ODE is:
| > Soll:=dsolve(ODE1,X(X));
Soll:= X(x) =_Clsin(A x) +_C2cos(A x)

We next use the boundary conditions: X(0) =0, and X(L) = 0, to determine the constants of integration:
| > Eql:=simplify(subs({x=0,X(x)=0},Sol1));

L Eql:=0=_C2
| > C1:=0;#Assign value of zero to _C1

_C1:=0
| > Eq2:=simplify(subs({x=L,X(x)=0},Sol1));

Eg2:=0=_C2cos(A L)
nt
This second equation produces an eigenvalue equation with the eigenvalues given by A =—.

[ > lambda:=n*Pi/L;

nm
I L
The solution for X(x), with _C2 =1 (since the value _C2 is arbitrary), is, therefore:
| > _C2:=1;Sol;
_C2:=1

X(X) =cosEnLﬂE

The solution to the second ODE is:

| > Sol2:=dsolve(ODE2,Y(y));
nmy . Onmy
Sol2:=Y(y) =_C3cosh . + C4sinh )
Utilizing the boundary condition: Y(0) = 0, we find for Y(y):

| > Eq3:=simplify(subs({y=0,Y(y)=0},S0l2));

| Eq3:=0=_C3
| >_C3:=0;So0l2;

C3:=0
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Y(y) =_C45inh%nl_ﬂ%

i
The product X(x)Y(y), which now depends on the value of the eigenvalue A, =T , is referred to as

V(X y) = X(x) Y(y), with the constant replaced by a,:
[ > v[n]:=(x,y) -> a[n]*sin(n*Pi*x/L)*sinh(n*Pi*y/L);

COnmxd . Onmy
vn:=(x,y)_>aﬂsm%TEsmh ] E

The solution will be the sum of all possible functions v, (X, y), i.e.,

[ > u=(x,y) -> sum(v[n](x,y),n=1..infinity);

3

U= (xy) = 2 V(X Y)

n=1

The expression for the function u(x, y) is:

> uxy);

i sin%L T Esinh%*n ny%
nzla“ L L

If we now evaluate the boundary condition, u(x, H) =g(x), we find the following equation:

= S Onmixd . fAnmH
Eg4 = Z a, sm%T%snh%TE: a(x)
L n=1

This result is a Fourier series expansion to g(x), such that the constants a, are calculated by
| > a:="a";a:=n->2*int(g(X)*sin(n*Pi*x/L),x = O .. L)/(L*sinh(n*Pi*H/L));
a=a

| > Eq4:=u(x,H) = g(x);

Example 1: Suppose that the dimensions of the solution domain are L = 2 and H = 1, and the boundary condition
aty =His given by g(x) =100 x (L —x). A plot of the boundary condition follows:
| > H:=1;L:=2;0:=x->100*x*(L-x)"3;plot(subs(L=1,g(x)),x=0..1);
H:=1
L:=2
g:=x - 100x (L -x)*
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The first twenty coefficients a, are calculated and stored in the sequence called coef:
| > coef:=seq(evalf(a(n)),n=1..20);
coef :=50.97163411, 6.702349078, .3749726169, .03613686210, .003721486167, .0004626992502,
.00005956977515, .8435410605 10°, .1219249529 10°, .1866378986 10°, .2895439597 107, .4667450766 107,
7594815776 10°, 1270173419 10°°, 2139034491 10™, .3677145602 10™, .6355007076 10, .1116032657 107,

L 1968199894 10, .3515831712 10™
We put together the function u(x, y) as a series of 20 terms:

[ > uw=tutu=(xy) -> sum(coef[j]*sin(j*Pi*x/L)*sinh(j*Pi*y/L),j=1..20);

u=u

20 . .
TIX s
u:=(xy) - Zcoeﬁsin%*%sinh y%
- L L

The following is a three-dimensional plot of the surface u(x, y)
| > plot3d(u(x,y),x=0..L,y=0..H,axes = boxed);

A contour plot of u(x,y) is shown below.
| > plots[contourplot](u(x,y),x=0..L,y=0..H,contours=20,axes=boxed, filled=true,coloring=[red,blue],scaling=co

nstrained);
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a 0.5 1

¥

The solution obtained above was facilitated by the use of zero boundary conditions in three of the boundaries.

nm
The zero boundary conditions at x = 0 and x = L produced the eigenvalues A, =T , While the zero boundary

. . . -  Onmix[d . Onmy )
condition at y = 0 produced the series solution u(x, y) = Z a, sn% ) Eanh% . % Finally, the non-zero

n=1
boundary condition at y = H, produced the coefficients a, for the corresponding Fourier series.

Solutions to the case of a rectangular domain where only one of the boundaries is non-zero can be found for
cases [2] through [4] in the figure below using a procedure similar to that outlined above for case [1].

y
ufx,H) = g(x) ufx,H) =0
H H
o,y =0 ull,yl =0 ufoy) =0 uiLyl = o
0 0 ] K 0] 5 i ¥
ufx,0] = 0 ufx,0] = fx] gl
ufx,H] =0 ufi,H) = gx)
H H
u(0y] = pivl ufl,y) = 0| uloyl =0 ufL,yl = iyl
0 0] X
O wupoj=0 L O wpgol=o L
4

Because Laplace's equation is a linear equation, i.e., DZ((Dl +@)= quq + D2(02 , solutions with different
boundary conditions, in the same domain, can be superimposed. Therefore, linear combinations of the
solutions for the four cases illustrated in the figure above can be added to solve problems involving non-zero
boundary conditions in more than one boundary. Suppose that u,(X,y) , U,(X, ¥), Us(X, y), and u,(x, y), represent
the solution for cases [1],[2],[3], and [4], respectively, in the figure above. The most general problem in the
rectangular domain will use the following non-zero boundary conditions:

u(x, 0) =a, g(x), u(x, H) =a,f(x), u(0,y) =azp(y), and u(L, y) = a, a(y).

530



The solution is obtained as

U(X, Y) =05 Uy(X, ) + 0, Uy (X, Y) +05Uy(X, Y) +0, Uy(X, Y).

Solution to case [2].

| > restart:LEq:=diff(u(x,y),x$2)=-diff(u(x,y),y$2);u:=(x,y) -> X(x)*Y(y);LEq;

LEq:= ? U(X y) ——%;’; u(x, V)E

- X(x) Y(y)

(
%X(X) EY(V) =-X(x) %Y(Y)E

Dividing by u(x,y) = X(X)Y(y) results in:
| > LEq:=simplify(LEg/u(x,y));

- &X(X)_ &Y(y)
I T T )

For the two sides of the resulting equation to be equal, they both must be equal to a constant, A’, resulting in
the following two ordinary differential equations:

| > ODEL:=diff(X(x),x$2)+lambda”2*X (x)=0;0DE2:=diff(Y(y),y$2)-lambda2*Y(y)=0;

ODEL1 := %%X(x) EH\ZX(X) =0

62
ODE2 :=%;Y E—)\ZY =0
¥ (y) (y)

The solution to the first ODE is:

| > Soll:=dsolve(ODE1,X(X));

Soll:= X(x) =_Clsin(A x) +_C2cos(A x)

We next use the boundary conditions: X(0) =0, and X(L) = 0, to determine the constants of integration:
| > Eql:=simplify(subs({x=0,X(x)=0},Sol1));

L Eql:=0=_C2

| > C1:=0;#Assign value of zero to _C1

L _C1:=0

| > Eq2:=simplify(subs({x=L,X(x)=0},Sol1));

L Eg2:=0=_C2cos(A L)

nm
This second equation produces an eigenvalue equation with the eigenvalues given by A =——

[ > lambda:=n*Pi/L;

_nm
I L
The solution for X(x), with _C2 =1 (since the value _C2 is arbitrary), is, therefore:
| > C2:=1;Sol;
_C2:=1
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X(x) =cosEnLﬂE

The solution to the second ODE is:

| > Sol2:=dsolve(ODE2,Y(y));
nTmy o Onmy
Sol2:=Y(y)=_C3 cosh%T%+ 4 smh%TE

Utilizing the boundary condition: Y(H) = 0, we find for Y(y):
| > Eq3:=simplify(subs({y=H,Y(y)=0},S0l2));

nTH ) nmH
Eg3:=0=_C3 coshET%_m sinh ] E
| > _C4:=solve(Eq3, C4);factor(Sol2);
nTtH
C3 cosh%*%
- L
- ~ [OnmH
snh%i%
L
ntty[d . OnmH nmtH [y
_C3 Ecosh sinh + cosh sinh
L L L L
. nTH
sinh E
L

nm
The product X(x)Y(y), which now depends on the value of the eigenvalue A, =T , is referred to as

Y(y)=-

V(X Y) = X(x) Y(y), with the constant replaced by a,:
| > v[n]:=(x,y) ->
a[n]*sin(n*Pi*x/L)*(cosh(n*Pi*y/L)*sinh(n*Pi*H/L)-cosh(n*Pi*H/L)*sinh(n*Pi*y/L))/sinh(n*Pi*H/L);

~HOnrx nry . nTH nTtH [ nmy
a,sin 0sh sinh - cosh sinh
L L L L L
) nTtH
sinh
L

The solution will be the sum of all possible functions v,(x, ), i.e.,

Vo= (X% Y)

[ > u=(x,y) -> sum(v[n](x,y),n=1..infinity);

U= (xy) = 2 V% y)

The expression for the function u(x, y) is:

[ > uxy);
~ HOnTx nry . nTtH nttH [ nmy
- aﬂsm%;%%oshﬁ %smh% E—cosh% %&nh% %
L L L L L
! ) nT[HE
smh%*
L L

If we now evaluate the boundary condition, u(x, 0) =g(x), we find the following equation:
| > Eq4:=u(x,0) = f(x);
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- n
Eg4 = Z ansin%%%:f(x)
n=1

This result is a Fourier series expansion to f(x), such that the constants a, are calculated by
| > ai="a";a:=n->(2/L)*int(f(x)*sin(n*Pi*x/L),x = 0 .. L);

a=a

Lf(x) sin%nl_ﬂ%dx

0

a=n-2

Example 1: Suppose that the dimensions of the solution domain are L = 2 and H = 1, and the boundary condition
aty = His given by f(x) =100 x (L —x). A plot of the boundary condition follows:

| > Hi=1;L:=2;F:=x->100*x*(L-x)"3;plot(subs(L=1,f(X)),x=0..1);
H=1
L:=2
f:=x - 100 x (L -x)*
104
B
B
49
29
- S
L U 0.2 04 4 0B 0.8 1

The first twenty coefficients a, are calculated and stored in the sequence called coef:
| > coef:=seq(evalf(a(n)),n=1..20);
coef := 117.3009656, 77.40368261, 20.86887512, 9.675460326, 4.793218569, 2.866803060, 1.775469452,
1.209432541, 8409229256, 6192294609, 4621196780, .3583503824, .2805004413, .2256667131, .1828144201,

.1511790676, .1256854639, .1061778911, .09007713623, .07740368261
We put together the function u(x, y) as a series of 20 terms:

[ > u=tunus(xy) >
sum(coef[j]*sin(j*Pi*x/L)*(cosh(j*Pi*y/L)*sinh(j*Pi*H/L)-cosh(j*Pi*H/L)*sinh(j*Pi*y/L))/sinh(j*Pi*H/L),
Jj=1..20);

u
S ruir
u=(xy) - Z . E

= TH
=1 sinh%—
L
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The following is a three-dimensional plot of the surface u(x, y)
| > plot3d(u(x,y),x=0..L,y=0..H,axes = boxed);

1604

1204
80
40+

A contour plot of u(x,y) is shown below.
| > plots[contourplot](u(x,y),x=0..L,y=0..H,contours=20,axes=boxed, filled=true,coloring=[red,blue],scaling=co

nstrained);

Superposition of solutions for cases [1] and [2]
The superposition of the solutions for cases [1] and [2] will be the solution to the problem whose boundary

conditions are illustrated in the figure below:

ulx,H) = 2(x)

o) =0 ulLy) = 0

0 ulx,0) = f(x)
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We use for the solution f(x) =x (L —x)?, and g(x) =x* (L —x).

Next, we reproduce the individual solutions as u,(x, y) and u,(x, y), respectively, as indicated below. First, the
solution to case [1] is:

| > restart:L:=2;H:=1;f:=x->x*(L-x)"3;g:=X->X"3*(L-X);
L:=2
H:=1
fi=x - x(L-x)*
g:=x - X (L-x)
> al:=n->2*int(g(x)*sin(n*Pi*x/L),x = 0 .. L)/(L*sinh(n*Pi*H/L)):coefl:=seq(evalf(al(j)),j=1..20);
coefl := 5097163411, -.06702349078, .003749726169, -.0003613686210, .00003721486167, -.4626992502 10°,
5956977515 10°, -.8435410605 107, .1219249529 107, -.1866378986 10°, .2895439597 10°, -.4667450766 10™°,

7594815776 10, -.1270173419 10", 2139034491 10, -.3677145602 10", .6355007076 10,
-.1116032657 10", .1968199894 10", -.3515831712 10"

[ > ul:=(x,y) -> sum(coef1[j]*sin(j*Pi*x/L)*sinh(j*Pi*y/L),j=1..20);ul(x,y):

20 ) )
uL:= (X y) - » coefl sin%ﬂasinh%ﬂ%
L j=1 L L
Next, the solution to case [2] follows:
| > a2:=n->(2/L)*int(f(x)*sin(n*Pi*x/L),x = O .. L):coef2:=seq(evalf(a2(j)),j=1..20):

coef2 := 1.173009656, .7740368261, .2086887512, .09675460326, .04793218569, .02866803060, .01775469452,

.01209432541, .008409229256, .006192294609, .004621196780, .003583503824, .002805004413, .002256667131,

L .001828144201, .001511790676, .001256854639, .001061778911, .0009007713623, .0007740368261
[ > u2:=(xy) -

sum(coef2[j]*sin(J*Pi*x/L)*(cosh(j*Pi*y/L)*sinh(j*Pi*H/L)-cosh(J*Pi*H/L)*sinh(j*Pi*y/L))/sinh(j*Pi*H/L

), j= 1..20);u2(x,y):
i coef2; sin%%%%osh% Cy Esinh%j TH E— cosh%nTHEsinh%%%

= ] j TH
! sinh
L

u2:=(xy) -

Combining the two solutions:
[ > u=ul(x,y)+u2(x.y):

The three-dimensional plot of the surface z = u(x,y) is shown next:
| > plot3d(u,x=0..L,y=0..H,axes = boxed);
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The corresponding contour plot is:

| > plots[contourplot](u(x,y),x=0..L,y=0..H,contours=20,axes=boxed, filled=true,coloring=[red,blue],scaling=co
nstrained);

[

] 05 1 1.5 d
K

Suppose now, that the boundary conditions are such that f,(x) =3f(x) = 3x (L —x)*and g,(x) =5g(x) =

5x3 (L —x). Since we already have the solutions corresponding to f(x) and g(x), we can obtain the solution to
the problem with the new set of boundary conditions by constructing the following solution

u(x, y) =3 uy(Xy) +5 U (X y):

[ > u=3*ul(x,y)+5*u2(x.y):

The surface and contour plots corresponding to this solution are shown below:

| > plot3d(u,x=0..L,y=0..H,axes = boxed);
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| > plots[contourplot](u(x,y),x=0..L,y=0..H,contours=20,axes=boxed, filled=true,coloring=[red,blue],scaling=co

nstrained);

Laplacian in polar-cylindrical coordinates
Consider the function u=u(r, 6, z) in polar coordinates. The laplacian of this function in polar coordinates can

be obtained from Maple using:
| > restart:with(linalg):laplacian(u(r,theta,z),[r,theta,z],coords=cylindrical);

War ni ng, new definition for norm

Warni ng, new definition for trace
2

—u(r,8,2)

%‘%u(r, 0, Z)EH H%Zu(r, 0, Z)H+aef +r %l;u(r, 0, Z)E

r

0 [o
You can check that the first two terms are equivalent to ar %;r u(r, 6, z)% i.e.,

%%u(r, 0, Z)E+r a%zzu(r, 0, Z)E

Thus, the Laplacian of u(x,y,z) can be written as:

> diff(r*diff(u(r,theta,z),r),r);
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z e P . 2
Du(r,@,z)-r o ru(r,e,z) +rzaezu(r,e,z)+azzu(r,6,z)

In the next section we will discuss the solution of the Laplace equation in two dimensions using polar-cylindrical

0
coordinates, the corresponding Laplacian, taking u =u(r, 8) and 0_ u=0, is
z
100 [Ho 10
0%u(r,8,z =—%r%u r,o %+——u r,e
( )rrr()rzaez()

Solution to Laplace's equation in an annulus
Consider the domain of solution to Laplace equation to be an annulus defined, in polar coordinates, asr, <r <r,
,and 0 < B < 2T, subjected to the boundary conditions: u(r,, 8) =u,= constant, and u(r,, 8) =u, = constant, as

illustrated in the figure below:

100 [Ho 10
In polar coordinates, Laplace's equation is written as: — %r % u(r, 0) %+—2£ u(r, 8) = 0. If the solution is
r Cor r r

0
assumed to depend only on the radial coordinate, u =u(r), and % u=0. Thus, Laplace's equation reduces to —
r

0 [1o 1d du
ar %l;r u(r)% = 0. This is indeed an ordinary differential equation and we could write it as ?E (r E) =0, or

d du
d_ (r —) =0. Integration of this equation produces:
r r

d
| > restart:LEQP:=diff(r*diff(u(r),r),r) = 0;SOL:=dsolve(LEQP,u(r));

LEQP = %%u(r)%ﬂ %%u(r)E:O

L OL:=u(r)=_Cl+_C2In(r)

Using the boundary conditions we obtain:

> SOL:=dsolve({LEQP,u(r_1)=u_21,u(r_2)=u_2},u(r));

-In(r 2)u 1+u2In(r_1) (u2-ul)in(r)
JIn(r_2) +In(r 1)  -In(r_2) +In(r_1)

OL :=u(r) =

For example, if
| >u_1:=1;r_1:=1;u_2:=10;r_2:=5;SOL;plot(rhs(SOL),r=1..5);
ul:=1
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r1:=1
uz2:=10
r2:=5
In(r
u(r) =1+9L
In(5)
10
&
&
4
2
1 2 3 4 5
L T

Solution to the Laplace equation in a disk

Consider the case in which u =u(r, 8) as solution to the Laplace equation on a disk centered at the origin and
subjected to the boundary condition, u(R, 8) =f(8), where R is the radius of the disk. Using separation of
variables we can write u(r, 8) =R(r) T(0), requiring that T(0) be periodic in 6 with period 2 1. Thus, we can
write T(0) as a Fourier series, i.e.,

3

8
T(9)=?+ (akcos(k9)+bksin(ke))E

=1
The procedure for the solution using separation of variables proceeds as follows: The Laplace equation in

cylindrical coordinates is written as:
| > restart:LEQP:=r*diff(r*diff(u(r,theta),r),r)=-diff(u(r,theta),theta$2);

LEQP =T %u(r, G)EH %%u(r, 6)%: —%'%u(r, G)E

Separating the equation into ordinary differential equations we use:
| > u:=(r,theta) -> R(r)*T(theta);LEQPS:=simplify(LEQP/u(r,theta));
u:=(r,0) - R(r) T(0)

r %R(r)%ﬂ %%R(r)%: aa_ezzT(e)

LEQPS:= R0 ")

The differential equations are:
| > ODEL:=r*(diff(R(r),r)+r*diff(R(r),”$(r,2))) -lambda”2*R(r)=0;Sol1:=dsolve(ODE1,R(r));

ODEl:=r %R(r)%+r %;%R(r) ~AMR(r)=0

Sol1:=R(r) =_Clsinh(AIn(r)) +_C2cosh(A In(r))
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Since the expression A In(r) is equivalent to In(r"), we can replace the following results:
| > _C1*sinh(In(r"lambda))+_C2*cosh(In(r*lambda));

, 11 11
C1 - + C2Hr L
L 27r 2r
And re-write Soll:

| > Sol1:=R(r) = _Cl*rlambdat+_C2*r"(-lambda);
)

QI1:=R(r)=_C1r+ c2r

. . - . .
Typically, the values of A are positive values, therefore, the term r( )grows unbounded asr — 0. This requires

that we eliminate the term rH)from the solution by making _C2 = 0, thus:
| >_C2:=0;Sol1;
_C2:=0
| R(r)=_cC1r
The second ODE and its solution are:
| > ODE2:=-diff(T(theta),theta$2)-lambda”2*T(theta) = 0;Sol2:=dsolve(ODE2, T(theta));

ODE2 := —%’% T(0) E— NT(0)=0

L S0l12:=T(B)=_Clsin(AB) +_C3cos(AB)
The latter result indicates that the initial assumption of a periodic function for T(8) is acceptable if we take
A =k. We now replace Sol2 with:

| > Sol2:=T(theta) = a[0]/2+sum(a[k]*cos(k*theta)+b[k]*sin(k*theta),k = 1 .. infinity);

Sol2 := T(8) =§a0 +HZ (a, cos(k 8) +bksin(k9))H

The combined solution, u(r, 8) = R(r) T(0), is now:
| > u="u";u:=(r,theta)->1/2*a[0]+sum(r*k*(a[k]*cos(k*theta) +b[k]*sin(k*theta)),k = 1 .. infinity);

u=u

u:=(r,0) _éao+Ezrk(akcos(k6)+bksin(k6))E

The boundary conditions, u(R, 8) =f(8), produce:
| > EqBC:=u(R,theta) = f(theta);

EgBC ::ga0 + HZ R(a, cos(k8) + bksin(ke))E:f(e)

With the coefficients of the resulting Fourier series given by:

21

1 1 on 1 2m -
%:;4]0 f(0) dO, a=— [J[]O f(8) cos(k 8) d@, and bk:H[E f(6) sin(k 8) dé.

For example, if R = 10, and f(8) =sin(8) —2.5sin(20) +1.5 cos(3 6):
> R:=10;f:=theta->sin(theta)+2.5*sin(2*theta)+1.5*cos(3*theta);
R:=10

540



L f:=0 - sin(B) +2.5sin(206) +1.5cos(36)
The coefficients for the solution are defined as:

| > a0:=(1/Pi)*int(f(theta),theta=0..2*Pi);a:=k->(1/(Pi*R~k))*int(f(theta)*cos(k*theta), theta=0..2*Pi);b:=k->(1
/(Pi*R7™K))*int(f(theta)*sin(k*theta),theta=0..2*Pi);

a0:=0

21

#] f(0) cos(k6) d6
a:=k—» T[Rk

2m

#] f(8) sin(kB) d6
bi=k  —

R

The coefficients for the cosine series and sine series are cc and cs, respectively.
| > cci=seq(a(k),k=1..20);cs:=seq(b(k),k=1..20);

1
cc:=0,0,.004712388981—,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
Tt

1 1
cs:=.3141592654 —, .07853981635—, 0, 0,0, 0,0,0,0,0,0,0,0,0,0, 0,0, 0,0, 0
L I I
The solution is:
| > ui="u";u:=(r,theta) ->1/2*a0+sum(r""k*(cc[k]*cos(k*theta)+cs[k]*sin(k*theta)),k = 1 .. 20);

u=u

u:=(r,0) - %ao +EZ r* (cc, cos(k 8) +csKsin(k6))H

To produce a three-dimensional plot first we create lists of values of r (rList) and theta (thetalist) dividing the
corresponding ranges, 0<r<R, 0<6<2 1, into n =25 parts:
> n:=5;m:=20;rList:=[seq(j*R/n,j=0..n)]:thetalList:=[seq(2*Pi*j/m,j=0..m)]:
n:=5
m:=20
Next, we create a list of lists for points [r,0,u(r, 8)] and plot it using function surfdata in package plots. The
resulting surface shows the solution u(r, 8):
| > pointList:=[seq([seq([rList[i]*cos(thetaList[j]),rList[i]*sin(thetaList[j]),u(rList[i], thetaList[j])].j=1..m)].i=
| L.n)l
| > with(plots):surfdata(pointList,axes=boxed,labels=["x","y","u"]);
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The PDEtools package

The PDEtools package contains a number of functions useful in the solution of partial differential equations.
For example, the function pdsolve will attempt to obtain a solution for a PDE as illustrated in the example
below:

[ > restart:with(PDEtools): #Invoke package PDEtools

| > PDEL:=diff(u(x,y),x$2)=c 2*diff(u(x,y),y$2);#The wave equation

PDEl'—a—Z = 2%;*2 E
=2 u(x, y)=c y2U(X, y)

| > Soll:=pdsolve(PDE1,u(x,y));

Soll:=u(x,Yy) =_F2(«/§x +vy) +_F1%x —}LE
I 2,[e
The result provided for the wave equation represents a general solution in the sense that any two functions F1
and _F2 of the given arguments will satisfy the equation. The package PDEtools provides function pdetest that
can be used to check if an expression satisfy a given PDE. For the case under consideration we may write:

> pdetest(Soll,PDEL);

0

A zero value indicates that the expression contained in Soll satisfies the PDE described by PDEL.

A second example of solving PDEs with pdsolve is the following:
| > PDE2:=diff(f(x,y),x$2) = X +y;

02
PDE2:=—f(Xx,y) =x+Yy
0x

| > Sol2:=pdsolve(PDE2,f(x,y));

1.1
012 :=f(x, y) =Ex3 +ny2 +_F1(y) x +_F2(y)

The type of solution provided for this example is referred to as a quasi-general solution for it involves a couple
of arbitrary functions, namely, F1(y) and _F2(y), whose form cannot be determined from the PDE alone. Use

of boundary conditions, for example, f(0,y) =y, and f(1,y) =y?, may help in determining the expressions for
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_F1(y) and _F2(y). Replacing the first boundary condition, f(0, y) =y into the solution obtained above results
in:

| > Eql:=subs({x=0,f(x,y)=y},Sol2);

L Eql:=y=_F2(y)
Thus, we can replace _F2(y) =y in the solution to obtain:

| > F2(y):=y;Sol2;
_F2(y) =y
1 1
f(xy) =g+ 2y + FLy) x +y
The second boundary condition, f(1,y) =y?, when replaced into the solution (Sol2), produces:
| > Eq2:=subs({x=1,f(x,y)=y"2},S0l2);
Eq2:=y? L3 F1(y)
=y =—+—y+
q 6 2)’ Ly

which results in:
| > _F1(y):=solve(Eq2,_F1(y));

ol
N w

_FUy) =y -= Ty

The solution now being equal to:
[ > Sol2;

1 1 1 3
f(x,y)==x+— x2+%/2———— +
I (xy)=gx+7y 5 YR
A plot of this solution is shown below:
| > plot3d(rhs(Sol2),x=-5..5,y=-5..5,axes = framed);

100+

1007

200

If pdsolve cannot find a general or quasi-general solution, it attempts a separation of variables of the PDE. For
example,

> PDE3:=diff(u(x,y),x$2)=c 2*diff(u(x,y),y);

2

0 0
PDE3:=—u(x,y) =¢ % u(x,y) E
oX y
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> Sol3:=pdsolve(PDE3,u(x,y));

0 € _FA(y) ¢
S0I3 = (u(x, y) =_F3(x) _F4(y)) &where a—_F4(y) = F_F:B(x) =_c¢, _F3(x)}
y C X
The result shows that the solution can be written as the product of two functions _F1(x) and _F2(y). The
ordinary differential equations (ODE) that the functions F1 and _F2 satisfy are presented as a list after the

particle &where.

If we want pdsolve to integrate the resulting ODEs we can use the option INTEGRATE as in this example:
> Sol3a:=pdsolve(PDE3,u(X,y),INTEGRATE);

Sol3a:= (u(x, y) =_F3(x) _F4(y)) &where

2

E { _F3(x) =_Clsinh(4/ _c, x) +_C2cosh(+/_c, X)},{_F4(y)=_C3e % } E

General solutions for the resulting ODEs are now reported in the output in place of the ODEs themselves. From
this point on the user can use boundary conditions to determine the values of the constants involved in the

functions _F3 and _F4. The constants _c, typically produce eigenvalues of the solution.

The function pdsolve permits the use of the option HINT to suggest possible forms of the solution. For
example, the option HINT = “+~ suggest a separation-of-variable solution in which the solution to the PDE, say
u(x,y), is of the form F(x) + G(y). The following example shows the use of the option HINT = “+~. Note: the
apostrophe used around the plus sign is the back apostrophe (7):

[ > PD4:=diff(u(x,y),x$2)+difF(u(x,y),x)+diffu(x,y),y) = O;

I PD4 :=%§u(x,y)%+%%u(x, y)%+%%u(x,y)%=0

| > Sol4:=pdsolve(PD4,u(x,y),HINT="+");

Sol4d = (u(x, y) = _F3(x) +_FA(y)) &Where%%_m(y) =_cz,%_F3(x) = —%lx _F3(x) %—_cz} E

If the integrated functions _F3 and _F4 are desired use:
| > Sol4a:=pdsolve(PD4,u(x,y),HINT="+" INTEGRATE);

| Solda:=(u(x y) =_F3(x) +_F4(y)) &where[{{_F3(x) =— c,x+ Cl + C2¢e "},{_F4(y)=_c,y+ C3}}]
Without using the HINT option, the result is:
| > Sol4b:=pdsolve(PD4,u(x,y));

0 0° 0
Sol4db = (u(x, y) =_F3(x) _F4(y)) &where % &_F4(y) =—_c, _FA(y), a—X_F3(x) =_¢, _F3(x) - %;(_F:B(x)% E

This same result could be obtained by using the option HINT = ~*~;
| > Sol4c:=pdsolve(PD4,u(x,y),HINT="*"):
0 0’ 0
Soldc = (u(x, y) =_F3(x) _F4(y)) &where a—_F4(y) =-C _F4(y),;_F3(x) = ¢, _F3(x) - _F3(x)
L y X X
If you prefer to provide your own names for the functions resulting from a separation of variables, e.g.,
u(x, y) =X(x) Y(y), use:
| > Sol4d:=pdsolve(PD4,u(x,y),HINT=X(X)*Y(y));




0’ 0 0
Sol4d = (u(x, y) =X(x) Y(y)) &Whereﬁgxu) = ¢, X(x) - E&X(x)éaﬂy) =-Y(y) _¢,;} E

You can use the HINT option to provide other hints about the functions in the solution, for example,
| > Sol4e:=pdsolve(PD4,u(x,y),HINT=exp(k*x)*f(y));

X 0
Solde = (u(x, y) =€ (y)) &Where%a—f(y) =12 f(y) -k f(y)} %
L y
Another possibility for HINT is:
| > Sol4f:=pdsolve(PD4,u(x,y),HINT=exp(k*x)*exp(r*y));
Sol4f =

However, pdsolve could not find a solution for functions of the form suggested (i.e., u(x,y) = exp(k*x)*exp(r*y),
therefore, it returns an empty value.

To find out more about the PDEtools package and the functions it includes use:
| > ?PDEtools
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Exercises

In the following exercises we use the following PDEs from physical science:

One-dimensional wave equation: Uge = € Uy
One-dimensional heat equation: Ug = C2 Uyy
Two-dimensional Laplace equation: Uty = 0
Two-dimensional Poisson equation: UxctUyy = T(X,Y)

With the notation u, = du/dt, u,, = 0°u/d°x, etc.

[1]. Determine if the following functions u(x,t) satisfy the one-dimensional wave equation:

(@) u(x,t) = cxt (b) u(x,t) = In(x*-c?t?)

(c) u(x,t) = x* + c*t? (d) u(x,t) = x/(x*+c’t?)

[2]. Determine if the following functions u(x,t) satisfy the one-dimensional heat equation:

(a) u(x,t) = exp(k(x+kc?t)) (b) u(x,t) = t+x*/(2c?)

() u(x,t) = 2c*/(2c*t+x) (d) u(x,t) = x* + 2¢’t?

[3]. Determine if the following functions u(x,y) satisfy the two-dimensional Laplace equation:
(@) u(x,t) = k(’+y?) (b) u(x,t) = tan"(y/x)

(c) u(x,t) = In(x*+y?) (d) u(x,t) = x3-3xy?

[3]. Determine if the functions u(x,y) satisfy the two-dimensional Poisson equation for the
given function f(x,y):

() u(x,y) =xcosy, f(x,y) = -xcosy
(b) u(xy) =x*-2xy+y?,  f(xy) =4

(©) uxy)=xIny, fx.y) = x/y?
(d) u(x.y) = (x+y)*, f(x,y) = 12(x+y)

[4]. Classify the following second-order partial differential equations as parabolic, hyperbolic,
or elliptic:

(a) Up - Ug - Uxy = 0 (b) Uyy - 2ny + Uy = XY

(©) U+ U - U + U+ U =0 (d) u,c+tuy =0

[5]. Let S(w) and C(w) be the coefficients of the sine and cosine Fourier transform,
respectively, for a non-periodic function. Determine the coefficients C(w), S(w), and the
continuous spectrum A(w), for the following functions f(x) for x > 0, and f(x) =0, x < 0:

(a) f(x) = exp(-x*/2) (b) f(x) = In(x+1) (c) f(x) = 1/(1+x?) (d) f(x) = tan(x)

[6]. Determine the Fourier transform of the function f(t) for t >0, and f(t) = 0, for t<0, plot the
real and imaginary components of the transform:
(@) f(t)= t/(t*+1) (b) f(t) = exp(t?) (c) f(t) = (t+1)/(t+2) (e) (1) = (1+t)"2

[7]- Solution to the heat equation with derivative boundary conditions. Using separation of
variables, solve the one-dimensional heat equation for the temperature u(x,t) on a bar of
length L = 1, using as boundary conditions du/dx = 0 for x = 0 and x = L. Assume that the initial
temperature distribution is given by u(x,0) = f(x) = x(1-x), and use k=1.

[8]. Solution to the heat equation with heat convection loss . Consider the one-dimensional

heat equation including convection losses: du/dt = k[{"u/dx?) - Bu, and subject to the boundary
conditions: u(0,t) = 0, u(L,t) = 0, and the initial condition: u(x,0) = f(x).
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(@) Using the transformation u(x,t) = exp(-BE)Mv(x,t), verify that the original PDE is
transformed into ow/dt = ki{Pw/dx%), and that the corresponding boundary and initial
conditions transform into w(0,t) = 0, w(L,t) = 0, and w(x,0) = f(x).

(b). ForL =1, k=1, B=0.01, and f(x) = x(1-x) determine the solution u(x,t) to the heat
equation with convection loss.

[9]. Solution to the diffusion-convection equation with constant flow velocity. Many
equations related to diffusion in moving fluids include a term involving the flow velocity v in
the x-direction: du/dt + vi(Bu/dx)= kiiPu/dx?). If v is a constant, this equation can be reduced
to the form: dw/dt = ki(*w/dx?),by using the transformation

u(xt) = exp[ﬁ X - % Oy )] Cw(x,t).

(a) Verify that the transformation indicated above produces the modified PDE: ow/dt =
KPw/ 0x7).

(b) Solve the diffusion-convection equation with constant flow velocity in the domain
O<x<L forL=1,k=1,v=1, and k = 1, subject to the boundary conditions u(0,t) = 0,
and u(L,t) = 0, and initial conditions u(x,0) = x(1-x).

[10]. Solve the one-dimensional wave equation for ¢ = 1 in the domain 0 < x < L, with L =1,
given the boundary conditions u(0,t) = 0, and du/0x = 0 at x = L, and the initial condition u(x,0)
= f(x) = cos(x).

[11]. Prove that u(x,t) = F(x+ct) + F(x-ct) is a solution to the one-dimensional wave equation.
Plot the result if F(x) = exp(-x?/2) with ¢ = 1 in the interval -10 < x < 10, and -10 < t < 10.
Produce a three-dimensional surface plot as well as an animation of the results.

[12]. Referring to the following figure, solve case [3] of Laplace’s equation in the rectangular
domain L =2, H =1, if p(y) = (y/H)(1-y/H). Produce a surface plot as well as a contour plot of
the results.

Y
ufi,H] = g(x) ufx,Hj =0
H H
ufo,y) =0 ufl,y] = 0 uloyy) =0 ufl,y] =0
¢ 0 L * 0 g
= 0 = L
ufx,0) =0 ufx,0) =[x B
ufx,H] =0 ulx,H) = g[x]
H H
u(o,y) = ply ufL,y] =0 | ufo,y) =0 uiL,y) = aly]
0 K 0 i
0 umo)=g L O ypoj=0 L
gl

[13]. Referring to the figure of problem [12], solve case [4] of Laplace’s equation in the
rectangular domain L = 2, H = 1, if q(y) = (y/H)?(1-y/H). Produce a surface plot as well as a
contour plot of the results.
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[14]. Using the results of problems [12] and [14] determine the solution to Laplace’s equation
in the rectangular domain L = 2, H = 1, if the boundary conditions are u(x,0) = u(x,H) = 0, u(0,y)
= p(y) = (y/H)(1-y/H), and u(L,y) = q(y) = (y/H)*(1-y/H). Produce a surface plot as well as a
contour plot of the results.

[15]. Determine the sine, cosine, and Fourier transform for the following functions:

(a) f(t) = t? (b) f(t) = exp(-1t]) (c) f(t) = sin(t)/t (d) f(t) = 1/(1+t%)
[16]. Use Fourier transforms to obtain the convolution of the following functions:
(@) f(t) = %, g(t) = exp(-t") (b) f(t) = sin(t), g(t) = exp(-t*/2)

() f(t) = %, g(t) = exp(-1t]) (d) f(t) = sin(t), g(t) = 1+t°
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